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a b s t r a c t 

In the European Union financial regulation requires that life and pension (L&P) companies use the Smith 

and Wilson (20 0 0) model for the term structure of risk-free interest rates when valuing their liabilities 

and long term guarantees. Some key features of this model are that it allows for a perfect fit to market 

observed bond prices, and that its extrapolated long rates converge towards a constant level, the Ultimate 

Forward Rate (UFR). Both this level and the rate at which convergence towards it takes place are directly 

specified via parameters of the model. Since the Smith–Wilson model is not one of finance theory’s stan- 

dard term structure models, we introduce the model and summarize its most important mathematical 

properties. We also describe how the European Solvency II regulation came to embrace this particular 

model. 

The paper moves on to document how the regulation also imposes quite detailed and tight restrictions 

on how the Smith–Wilson model should be parameterized and applied. We argue that many of these 

implementation instructions – one of which is the regulator’s specification of a very high UFR – seem 

biased in the same direction and that this could indicate a systematic attempt to “lift” the term structure 

curve up and away from its true location whereby artificially high discount rates are induced. The result 

of the bias is not only significant undervaluation of L&P liabilities but also a peculiar contradiction of 

the Solvency II overall objective of enhancing financial stability and of protecting policyholders via the 

promotion of economic valuation in accordance with market consistent principles. 

The paper’s analysis is accompanied by valuation illustrations based on data on the liability compo- 

sition of an actual medium-sized Danish pension fund. The results suggest that the undervaluation of 

liabilities resulting from use of the regulation compliant Smith–Wilson model can be massive compared 

to results obtained from some alternative and more freely calibrated models. 

© 2018 Elsevier B.V. All rights reserved. 
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. Introduction 

After a lengthy development process and many delays the Eu-

opean Union’s new regulatory framework for insurance and rein-

urance undertakings – “Solvency II” – finally came into effect

n January 1, 2016. Solvency II regulates a multitude of areas in

elation to, for example, company governance, the duties of au-

itors, public disclosure, and, of course, solvency and risk man-

gement issues. The full text of the Solvency II Directive and its

any amendments spans thousands of pages. In the present pa-

er we focus exclusively on the parts of the Solvency II regula-

ion that concern the valuation of life insurance and pension (L&P)

ompanies’ assets and liabilities. In particular, we will look into

hat Solvency II has to say regarding the model for determin-

ng the term structure of risk-free interest rates that should be

sed in valuing L&P companies’ liabilities and long term guaran-
ees. 

https://doi.org/10.1016/j.jbankfin.2018.10.001
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jbf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jbankfin.2018.10.001&domain=pdf
mailto:plj@econ.au.dk
https://doi.org/10.1016/j.jbankfin.2018.10.001
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The subject of the term structure of interest rates is a clas-

sic one in financial theory and term structure models are some

of the finance field’s oldest “tools of the trade”. It is also a sub-

ject of financial economics that is both well-understood and well-

developed in terms of research. We know, for example, that ac-

curate estimation of the term structure of interest rates is vital

for obtaining precise and market consistent valuation estimates in

relation to fixed income streams in general and to L&P compa-

nies’ liabilities in particular. And it is safe to say that the knowl-

edge that financial theory has produced in this area is brought

to daily use by central banks, investment banks, and other fi-

nancial market participants all over the world. It is therefore all

the more interesting that Solvency II requires L&P companies to

use a model for the term structure of risk-free interest rates that

has not previously received much attention in the financial litera-

ture. 2 

The specific mathematical term structure model in question is

referred to as “the Smith-Wilson model”. This model originates

from a proprietary report from the British actuarial consultancy

firm Bacon & Woodrow ( Smith and Wilson, 20 0 0 ). Not only has

this model hitherto received very little attention from financial re-

searchers, it also must be applied with several of its key param-

eters being directly dictated by EIOPA. 3 For example, EIOPA has

decided that as maturity is increased, the Smith–Wilson model’s

zero-coupon interest rate should converge towards a level which is

currently (2018) fixed at 4.05% p.a. via one of the model’s parame-

ters referred to by EIOPA as the “Ultimate Forward Rate”. 4 This de-

cision could appear a bit strange because in many European coun-

tries long-term risk-free market interest rates are currently far be-

low this level. It is also somewhat paradoxical because one of the

main broad principles of Solvency II states that 

“The assessment of the financial position of insurance and reinsur-

ance undertakings should rely on sound economic principles and

make optimal use of the information provided by financial mar-

kets... In particular, solvency requirements should be based on an

economic valuation of the whole balance sheet. ”

Recital 45 of the Solvency II Directive (2009) . 

The purpose of this paper is therefore to introduce, analyze, and

discuss the Smith–Wilson model that EIOPA, as of January 1, 2016,

has required all L&P companies with business in the EU member

states to use for determining the fair value of their liabilities. 

The remaining part of the paper is structured as follows: In the

next section we provide some additional background on the regu-

latory framework and on how the Smith-Wilson model came to be

embraced by the Solvency II regulation. Section 3 introduces the

Smith-Wilson model and discusses its main characteristics. We es-

tablish the solution of the model and develop the theory behind

its calibration to market data. We provide more mathematical de-
2 Andersson and Lindholm (2013) ; Gach (2016) ; Lagerås and Lindholm (2016) and 

de Kort and Vellekoop (2016) are recent contributions from the insurance eco- 

nomics literature and/or papers that focus mainly on various technical aspects of 

the Smith-Wilson model. 
3 EIOPA – The European Insurance and Occupational Pensions Authority – is the 

supervisory authority responsible for overseing the insurance and pensions markets 

in the European Union. EIOPA is one of three supervisory authorities that make 

up the European System of Financial Supervision (ESFS). The two other supervisory 

institutions are the European Banking Authority (EBA) and the European Securities 

and Markets Authority (ESMA). 
4 From at least the year 2010 and until around April 2017 EIOPA had held the 

UFR for the Euro area fixed at 4.2% and appeared to regard the UFR as a univer- 

sal constant. However, in a press release dated April 5, 2017, EIOPA announced a 

methodology for updating the UFR annually. The new methodology ( EIOPA, 2017a ) 

implied a preliminary estimate of the (Euro) UFR of 3.65% but since the methodol- 

ogy also specified that annual changes to the UFR could not exceed 15 basis points, 

the UFR for the year 2018 was set at 4.05%. On March 28, of 2018 EIOPA announced 

that the UFR for 2019 had been set at 3.90%. More on this in Section 4.2 below. 
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ail than in the original quite sketchy 7-page consultancy report

rom Bacon & Woodrow ( Smith and Wilson, 20 0 0 ). Section 4 ex-

lains the most significant parts of EIOPA’s detailed instructions

or use of the Smith-Wilson model including the parameter restric-

ions alluded to earlier. We also introduce and discuss some addi-

ional adjustments and modifications to the term structure curve

hat EIOPA allows, but which do not all seem well justified by fi-

ancial theory. In Section 5 we demonstrate the practical appli-

ation of the Smith-Wilson model using market data for interest

ates as well as projected future benefits from an actual and fairly

ypical Danish occupational pension fund. We show that the term

tructure curve resulting from calibrating the Smith-Wilson model

o market data while observing EIOPA’s restrictions can differ sig-

ificantly from term structure curves obtained by using more well-

nown models such as the models of Nelson and Siegel (1987) and

vensson (1994) . The differences are largest in the “long end” of

he maturity spectrum – more specifically in the so-called extrap-

lated part of the curve – and for our sample pension fund this

eads to large differences between the technical provision calcu-

ated from the different models that we compare. Appendix A pro-

ides further discussion of our findings. We propose some adjust-

ents to EIOPA’s approach regarding term structure determination,

nd we suggest some areas for future research. Finally, we present

ur conclusions. 

. Regulatory background - Term structure models in EU’s 

olvency II regulation 

As mentioned in the introduction, the regulation of European

nsurance and pension companies has now converged to a point

here it is required that a specific mathematical model – the

mith-Wilson model – is used to calibrate and extrapolate the

erm structure of risk-free interest rates. In addition, EIOPA has

ut forward quite detailed instructions on how the Smith-Wilson

odel should be implemented. We shall analyze the Smith-Wilson

odel and the EIOPA implementation instructions imposed on it

n due time, but first this section will briefly describe how the Sol-

ency II regulation came to embrace this particular model. Readers

ho are already familiar with the regulatory background may skip

his section and jump directly to our presentation of the Smith-

ilson model in Section 3 . 

Since the inception of the Lamfalussy Process 5 in 2001 the EU

as worked on the development of a new supervisory framework

or pension and insurance companies known as Solvency II. This

as arguably long overdue since the last major update of Euro-

ean insurers’ solvency standards was from the early 1970es. 6 Af-

er a lengthy process and many delays the primary legislation –

he Solvency II Framework Directive – was adopted and published

n the Official Journal of the European Union in December 2009

Directive 2009/138/EC). The objective of the framework directive

s to define broad principles of the kind cited in the introduction.

nother example of a broad principle formulated in the Solvency

I Directive is when the directive recognizes that principles of fair

aluation should in general be applied: 7 

“liabilities shall be valued at the amount for which they could be

transferred, or settled, between knowledgeable willing parties in an

arms length transaction.” Article 75(1b) of the Solvency II Direc-

tive (2009) . 
5 The Lamfalussy Process is an approach to the development of regulations of the 

nancial service industry in the European Union. 
6 See e.g. Lundbergh et al. (2014) for an overview of developments in the regula- 

ory frameworks for pensions in Europe. 
7 For a more thorough discussion of the application of fair valuation principles in 

he L&P business, see e.g. Jørgensen (2004) . 
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Of special relevance for the present paper and in direct rela-

ion to the concept of “economic valuation” (see the quote from

he Solvency II Directive in the Introduction) the directive further

tates that proper economic valuation involves 

“taking account of the time value of money ... using the rele-

vant risk-free interest rate term structure. ” Article 77(2) of the

Solvency II Directive (2009) . 

The directive does not go into further detail about the exact

ay in which the term structure of risk-free interest rates should

e determined, but it does state that 

“The Commision shall adopt implementing measures 8 laying down

... the relevant risk-free interest rate term structure to be used to

calculate the best estimate (of the value of assets and liabilities

and of technical provisions). ” Article 86(b) of the Solvency II Di-

rective (2009) . 

The amending ( Omnibus II Directive, 2014 ) (Directive

014/51/EU) clarifies what this means. 9 This Directive states

hat 

“it is necessary for a central body to derive, publish, and update

certain technical information relating to the relevant risk-free in-

terest rate term structure on a regular basis, taking account of ob-

servations in the financial market. The manner in which the rel-

evant risk-free interest rate term structure is derived should be

transparent. Given the technical and insurance-related nature of

those tasks, they should be carried out by EIOPA. ” Recital 29 of

the Omnibus II Directive (2014) . 

The 800-page Delegated Regulation of Solvency II from Octo-

er 2014 ( The European Commision, 2015 ) provides further detail

bout the risk-free term structure determination. This document

gain makes it clear that it is the responsibility of EIOPA to lay

own and publish the technical documentation explaining the in-

uts, assumptions and methodology applied in the calculation of

he term structure of risk-free interest rates. 

In accordance with the above, EIOPA – which prior to Jan-

ary 2011 was known as CEIOPS 10 – has worked in parallel dur-

ng the development phase of Solvency II on the task of devel-

ping Implementing Technical Standards in relation to the deriva-

ion of the term structure of risk-free interest rates. One significant

ilestone was the fifth Quantitative Impact Study – commonly re-

erred to as QIS 5 – which was initiated immediately after the

doption of the Solvency II Directive and which took place from

anuary 2010 to March 2011. The QIS 5 Technical Specifications

ontain a document entitled “Risk-free interest rates – Extrapo-

ation method” ( CEIOPS, 2010 ). This is a key document because

his seems to be where the Smith-Wilson model first emerged

s CEIOPS’/EIOPA’s preferred choice for a model for estimation of

he term structure of risk-free interest rates. 11 It is also the doc-

ment where EIOPA’s considered restrictions on the model’s pa-

ameterization and implementation were first introduced. Follow-

ng a consultation process that does not seem to have seriously
8 An implementing measure is the next level of the regulation which spells out 

he detailed requirements that regulated entities must meet. 
9 The Omnibus II Directive came into effect in May 2014 following its publication 

n the Official Journal. 
10 CEIOPS was the acronym for Committee of European Insurance and Occupa- 

ional Pensions Supervisors. 
11 In its “Basis for decision”, point (23), EIOPA (2018b) explains that “The Smith- 

ilson method has been applied during the last years of the development of the 

olvency II framework, and in particular in the fifth Quantitative Impact Study 

QIS 5) and in the Long-term Guarantees Assessment ( EIOPA, 2013 ) that has un- 

erpinned the political agreement of the Omnibus II Directive.”
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hallenged the proposed use of the Smith-Wilson model, some

f the implementation restrictions were modified, but many re-

ain unchanged to this day. Now that Solvency II has finally come

nto effect, the reference technical document is EIOPA’s “Technical

ocumentation of the methodology to derive EIOPA’s risk-free in-

erest rate term structures” (the most recent version of which is

IOPA (2018b) ). This 131-page document starts out by emphasizing

again) that “The starting point in Solvency II is the economic val-

ation of the whole balance sheet, where all assets and liabilities

re valued according to market consistent principles.” The docu-

ent introduces the Smith-Wilson model as the model for estimat-

ng and extrapolating the risk-free term structure curve and it lays

ut and explains EIOPA’s many specific requirements for and re-

trictions on the implementation of the Smith-Wilson model. We

resent the Smith-Wilson model in the next section, and we intro-

uce and discuss the most significant implementation restrictions

n Section 4 . 

. The Smith–Wilson technique 

This section presents the fundamentals of the term structure

stimation technique proposed by Smith and Wilson (20 0 0) . As

or most other term structure estimation techniques the premise

f the Smith-Wilson technique is that market prices of a finite

umber of fixed income instruments are observed. These instru-

ents are assumed to be liquid, completely risk free, and with

romised future payments that are known with certainty. As is

tandard in this string of literature the idea is then to propose a

heoretical model by which (theoretical) present values of the fixed

ncome instruments can be determined. Then, it is demonstrated

hat the theoretical model can be parameterized such that a good

t between theoretical values and observed market prices is ob-

ained. 

Before proposing a theoretical model for valuing fixed income

nstruments it is common to put forward a number of subjec-

ive required properties of the approach. Two key properties that

mith and Wilson (20 0 0) require from their approach is that 1) it

hould be possible to perfectly fit the prices of all market instru-

ents in the estimation sample, and that 2) the (infinitely) long

orward interest rate, labeled f ∞ 

, should be an exogenous constant,

.e. it should be an input specified by the modeler. As we shall see,

he Smith-Wilson approach entails a second (semi-)exogenous con-

tant, α, which is not determined as part of the fitting-to-market

rocedure and which controls the behavior (i.e. the smoothness and

peed of convergence in a certain sense) of the term structure curve

or large maturities. This will become clearer in our later analy-

is. 

Let us now introduce some additional notation and some fun-

amental relations. As mentioned above, it is assumed that mar-

et prices of a number of fixed income instruments are observed

ithout error at time 0. Let there be N of these instruments, and

et m 1 , m 2 , . . . , m N denote their observed market prices. Further-

ore, let J be the number of different maturities where a payment

s promised to at least one of the instruments, and let u 1 , . . . , u J 
measured in years) denote the payment dates. It will typically be

he case that J ≥ N , i.e. in practice the number of instruments avail-

ble for determining the term structure of interest rates will be

ess than or equal to the number of different payment dates from

hese instruments. (In the opposite case there will be linear de-

endencies among the instruments). The payment or cash flow to

nstrument i at date u j is denoted c i, j . 

Now, if we let P ( u j ) denote the model discount factor relating

from time 0) to time u j , then the requirement that theoretical val-

es and observed market prices match perfectly at time 0 can be
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Fig. 1. Wilson-function plots for u j = 10 and with f ∞ = log(1.042). 
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12 We do not claim complete originality of the results in Proposition 1 and 2 . 

Some of them can be found in EIOPA (2018b) (see p. 41–46 in particular) and in 

Smith & Wilson’s original paper, although in most cases only with summaric or in- 

direct proofs. For a more rigorous analysis of some of the properties of the Smith- 

Wilson model the reader is referred to de Kort and Vellekoop (2016) . 
expressed mathematically as 

m i = 

J ∑ 

j=1 

c i, j · P (u j ) , i = 1 , . . . , N. (1)

The discount function, P ( t ), t ≥ 0, represents the present (time 0)

value of 1 unit of account delivered with certainty at time t . It is

natural to require that P (0) = 1 and that lim t→∞ 

P (t) = 0 , but oth-

erwise the parameterization of P ( · ) is to be determined via a cali-

bration procedure. By definition the discount function is related to

zero-coupon interest rates in the following way 

P (t) = 

(
1 + R (t) 

)−t = e −r(t) ·t , t > 0 , (2)

where R ( · ) and r ( · ) denote discretely and continuously com-

pounded zero-coupon interest rates, respectively. 

Most previous academic literature on term structure estima-

tion has focused on proposing parameterized functional forms

for R ( t ) (or r ( t )) (see e.g. Nelson and Siegel, 1987 and Svensson,

1994 ), but Smith and Wilson (20 0 0) propose a model for the dis-

count function, P ( t ), directly. To be more specific, Smith and Wil-

son (20 0 0) propose to model the discount function as 

P (t) = e − f ∞ ·t + 

N ∑ 

i =1 

ξi · K i (t) , t > 0 , (3)

where f ∞ 

is the constant “long forward rate”, the ξ i ’s are N param-

eters to be fitted, and the K i ’s are referred to as kernel functions.

These kernel functions are specified as 

K i (t) = 

J ∑ 

j=1 

c i, j · W (t, u j ) , t > 0 , i = 1 , . . . , N, (4)

where W ( · , · ) is the (symmetric) “Wilson’s function” which is de-

fined as 

 (t, u j ) = e − f ∞ ·(t+ u j ) 
{
α · min (t, u j ) 

− 0 . 5 e −α max (t,u j ) 
(
e α·min (t,u j ) − e −α·min (t,u j ) 

)}
. (5)

The parameter α must be positive and exogeneously specified. The

appendix of Smith and Wilson (20 0 0) shows that the W(ilson)-

function in (5) is a result of optimizing in a certain sense the

“smoothness” and the “flatness” of the forward rate curve resulting

from the proposed form of the discount function. We will not delve

further into this issue here, but merely refer the interested reader

to the Smith and Wilson (20 0 0) -appendix and to Gach (2016) . In-

stead we shall focus on the properties of the proposed discount

function some of which are better understood in light of the fol-

lowing two propositions regarding the Wilson-function, W ( t, u j ),

and the discount function, P ( t ), respectively. 

Proposition 1 (Wilson’s function) . For any given positive payment

date, u j , Wilson’s function, W ( t, u j ), given in (5) is positive as well as

continuous and differentiable with respect to t for all t ∈ IR ≥ 0 . More-

over, we have that 

lim 

t↓ 0 W (t, u j ) = 0 , 

lim 

→∞ 

W (t, u j ) = 0 . 

Proof of Proposition 1. See Lemmas 1, 2, 3 in the Appendix. �

In light of Proposition 1 we can interpret the Smith-Wilson dis-

count function (3) as constructed from an exponentially decaying

basis function, e − f ∞ 

·t , which is then “bumped” by a linear com-

bination of “hump-shaped” perturbation functions (the Wilson-

functions) of which there is one for each of the J different cali-

bration instrument payment dates. The influence of each pertur-

bation function declines as the distance between the t - and the

u j -arguments increases and eventually goes to zero as t ↓ 0 or as
 → ∞ . Note that since the ξ i -parameters in (3) can vary freely,

he perturbation elements ξ i K i ( t ) can be both positive and nega-

ive. We have plotted some typical Wilson-functions in Fig. 1 . 

Proposition 2 below highlights some properties of the Smith–

ilson discount function and of the zero-coupon interest rates

hat it implies. Some of these properties follow quite trivially from

roposition 1 , and some require a little more work. 

roposition 2 (The Smith-Wilson discount function and zero-

oupon rates) . The Smith-Wilson discount function satisfies the natu-

al requirements 

im 

t↓ 0 P (t) = 1 , (6)

lim 

→∞ 

P (t) = 0 . (7)

Moreover, with continuously compounded zero-coupon interest

ates given by r(t) = 

−1 
t log P (t) , it makes sense to define the ini-

ial instantaneous interest rate, r 0 , and the infinitely long zero-coupon

ate, r ∞ 

, as 

r 0 ≡ lim 

t↓ 0 −
1 

t 
log P (t) , 

 ∞ 

≡ lim 

t→∞ 

−1 

t 
log P (t) . 

n relation to these rates it can be shown that 

 0 = f ∞ 

−
N ∑ 

i =1 

ξi 

J ∑ 

j=1 

c i, j ·
(
αe − f ∞ u j (1 − e −αu j ) 

)
, (8)

 ∞ 

= f ∞ 

. (9)

roof of Proposition 2. (6) and (7) follow immediately from the

efinition in (3) and the results in Proposition 1 . The results in

8) and (9) follow from Lemma 4 in the Appendix. �

Proposition 2 first confirms the two key requirements regarding

he limits of P ( t ) mentioned previously in this section. Secondly, it

s established that zero-coupon rates converge towards f ∞ 

as t goes

o infinity and that the initial instantaneous interest rate is given

s a function of all the model parameters (and of all calibration

nstrument payments and payment dates) which is not easy to in-

erpret. We can note that the expression which determines r 0 is

enerally not guaranteed to be positive. 12 
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Returning now to the model relations (3) –(5) we can conclude

hat the Smith–Wilson model is basically an N + 2 –parameter

odel, but as the parameters f ∞ 

and α are supposed to be exoge-

ously specified and thus not to be part of the market calibration

rocedure, we really have an N –parameter model on our hands. As

an also be seen from relations (3) –(5) , the resulting model is lin-

ar in the ξ ’s, so these parameters should be easily obtained pro-

ided that none of the equations are linearly dependent on each

ther. This property makes it possible to match market prices and

heoretical values of the calibration instruments perfectly as re-

uired by Smith and Wilson (20 0 0) . 

We will now demonstrate the calibration of the Smith–Wilson

odel – and thus the estimation of the discount function and term

tructure curve – in two cases. Following the exposition in the QIS

 Technical Specifications ( CEIOPS, 2010 ) we first go through the

implified case where the calibration instruments are simple zero-

oupon bonds. Second, we go through the more general case where

he calibration instruments are fixed income instruments with pay-

ffs at multiple dates such as coupon bonds and swaps. 

.1. Calibrating to a set of observed zero-coupon bond prices 

In this section we illustrate the Smith–Wilson technique in a

implified case which supposes that the market prices of N differ-

nt zero-coupon bonds with maturities u 1 , u 2 , . . . , u N are observed.

n this case we have J = N and the number of kernel functions will

herefore equal the number of zero-coupon instruments. Since the

ero-coupon bonds each have precisely one payment, the kernel

unctions defined in (4) degenerate to 

 i (t) = W (t, u i ) , 

o that the expression for the discount function in (3) simplifies to

 (t) = e − f ∞ ·t + 

N ∑ 

i =1 

ξi · W (t, u i ) , t > 0 . (10)

he matching equations (1) become simply 

 i = P (u i ) , i = 1 , . . . , N. (11)

ombining (10) and (11) we see that we have the following linear

quation system on our hands 

m 1 = e − f ∞ ·u 1 + 

N ∑ 

i =1 

ξi · W (u 1 , u i ) 

m 2 = e − f ∞ ·u 2 + 

N ∑ 

i =1 

ξi · W (u 2 , u i ) 

. . . 

 N = e − f ∞ ·u N + 

N ∑ 

i =1 

ξi · W (u N , u i ) . 

lternatively, we can write the above system in matrix form as fol-

ows 

 = μ + W · ξ (12) 

here 

 = (m 1 , m 2 , . . . , m N ) 
T 

μ = 

(
e − f ∞ ·u 1 , e − f ∞ ·u 2 , . . . , e − f ∞ ·u N 

)T 

ξ = (ξ1 , ξ2 , . . . , ξN ) 
T 

nd where 

 = 

(
W (u i , u j ) 

)
i =1 , ... ,N, j=1 , ... ,N 
= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

W (u 1 , u 1 ) W (u 1 , u 2 ) · · · W (u 1 , u N ) 
W (u 2 , u 1 ) W (u 2 , u 2 ) · · · W (u 2 , u N ) 

. . . 
. . . 

. . . 

W (u N , u 1 ) W (u N , u 2 ) · · · W (u N , u N ) 

⎫ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎭ 

(13) 

ote that the W –matrix will be symmetric as Wilson’s function is

ymmetric. If W is invertible, the solution of the system can be

ound as 

∗ = W 

−1 ( m − μ) , (14) 

nd the market calibrated discount function takes the form 

 (t) = e − f ∞ ·t + 

N ∑ 

i =1 

ξ ∗
i · W (t, u i ) . (15)

he fitted term structure curve can now be determined via relation

2) . 

.2. Calibration to coupon bond prices, swap rates, etc. 

Consider now the more general case where again prices of N

nterest rate related instruments are observed, but where these

an be instruments with fixed payments at multiple times such as

government) coupon bonds and/or (the fixed leg of) plain vanilla

nterest rate swaps. 

Recall that in this case we use J to denote the number of dates,

 1 , . . . , u J , where a payment is promised to at least one of the in-

truments. The N instrument prices are denoted m 1 , . . . , m N , and

he cash flow to instrument i at time u j is denoted c i, j . 

Substituting the Kernel-equation (4) into the basic Smith–

ilson discount function expression (3) we get 

 (t) = e − f ∞ ·t + 

N ∑ 

i =1 

ξi 

( 

J ∑ 

j=1 

c i, j · W (t, u j ) 

) 

, t > 0 , (16)

here Wilson’s function, W ( · , · ), is defined as in (5) . 

Using (16) to substitute for P ( u j ) in the system of matching

quations (1) gives us the following N equations 

m 1 = 

J ∑ 

j=1 

c 1 , j · P (u j ) 

= 

J ∑ 

j=1 

c 1 , j 

( 

e − f ∞ ·u j + 

N ∑ 

i =1 

ξi 

( 

J ∑ 

k =1 

c i,k · W (u j , u k ) 

) ) 

m 2 = 

J ∑ 

j=1 

c 2 , j · P (u j ) 

= 

J ∑ 

j=1 

c 2 , j 

( 

e − f ∞ ·u j + 

N ∑ 

i =1 

ξi 

( 

J ∑ 

k =1 

c i,k · W (u j , u k ) 

) ) 

. . . 

 N = 

J ∑ 

j=1 

c N, j · P (u j ) 

= 

J ∑ 

j=1 

c N, j 

( 

e − f ∞ ·u j + 

N ∑ 

i =1 

ξi 

( 

J ∑ 

k =1 

c i,k · W (u j , u k ) 

) ) 

r 

m 1 = 

J ∑ 

j=1 

c 1 , j · e − f ∞ ·u j + 

J ∑ 

j=1 

c 1 , j 

N ∑ 

i =1 

ξi 

J ∑ 

k =1 

c i,k · W (u j , u k ) 

= 

J ∑ 

j=1 

c 1 , j · e − f ∞ ·u j + 

N ∑ 

i =1 

( 

J ∑ 

k =1 

( 

J ∑ 

j=1 

c 1 , j · W (u j , u k ) 

) 

c i,k 

) 

ξi 
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14 Some currencies have swap markets that EIOPA has found to be deep, liquid 

and transparent for longer maturities. For example, the LLP of Swiss Francs (CHF) is 

25 years, and for British Pounds (GBP) it is 50 years. 
15 In some EU documents the UFR is referred to as the “unconditional ultimate 
m 2 = 

J ∑ 

j=1 

c 2 , j · e − f ∞ ·u j + 

N ∑ 

i =1 

( 

J ∑ 

k =1 

( 

J ∑ 

j=1 

c 2 , j · W (u j , u k ) 

) 

c i,k 

) 

ξi 

. . . 

m N = 

J ∑ 

j=1 

c N, j · e − f ∞ ·u j + 

N ∑ 

i =1 

( 

J ∑ 

k =1 

( 

J ∑ 

j=1 

c N, j · W (u j , u k ) 

) 

c i,k 

) 

ξi . 

In simpler matrix notation the equation system becomes 

m = C · μ + C W C T · ξ, (17)

where C is the N × J cash flow matrix; 

 = { c i, j } i =1 , ... ,N, j=1 , ... ,J 

= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

c 1 , 1 c 1 , 2 · · · c 1 ,J 
c 2 , 1 c 2 , 2 · · · c 2 ,J 

. . . 
. . . 

. . . 

c N, 1 c N, 2 · · · c N,J 

⎫ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎭ 

, (18)

and where m , μ, ξ and W are as before except that W and μ are

now J × J and J × 1-dimensional, respectively. 

Again we seek the N × 1-dimensional ξ-vector that solves the

equation system. The system is linear, so solution is easy. If a solu-

tion exists it must be given by 

ξ
∗ = ( C W C T ) −1 ( m − C · μ) . (19)

The crucial requirement for the existence of a solution is thus that

the N × N matrix CWC T should be invertible. 

4. EIOPA’S adaptation of the Smith–Wilson model 

Having presented the mathematical details of the Smith-Wilson

model in the previous section we now move on to take a closer

look at EIOPA’s instructions for the implementation of the model.

This will include a description of some of the most significant re-

strictions that the EU regulation imposes on the parameterization

and general estimation of the model. As mentioned earlier, the ref-

erence document in this respect is EIOPA’s technical documenta-

tion of their methodology to derive the term structure of risk-free

interest rates, EIOPA (2018b) . On the very first page this document

emphasizes that 

“The starting point in Solvency II is the economic valuation of the

whole balance sheet, where all assets and liabilities are valued ac-

cording to market consistent principles.”

It goes on to recognize that the risk-fee interest rate term

structure plays a central role for this purpose. The document ex-

plains that EIOPA is required to publish the risk-free interest rates

monthly for all currencies of relevance for EU’s insurance market,

and then moves on to explain the methodology applied. 

4.1. The data requirement 

With regard to the underlying data it is first explained that the

basic risk-free interest rate term structure is constructed from mar-

ket observed risk-free interest rates for a finite number of maturi-

ties. It is stipulated that both the interpolation within these matu-

rities and the extrapolation beyond a last liquid point (LLP) (read:

the maturity of the last usable data point) will be based on the

Smith-Wilson model. As a default approach benchmark swap rates

are used for calibrating the model. 13 For each relevant currency
13 This actually follows from Article 44 of the Delegated Regulation ( The European 

Commision, 2015 ). Government bond prices are the foundation of the secondary 

approach. 

l

J

a

 EIOPA, 2018b ) points out the exact swap instruments to be used

nd the maturities that are considered sufficiently deep, liquid and

ransparent (DLT) for this purpose. For the EUR currency, for ex-

mple, the benchmark instruments are the interest rate swaps that

ay fixed rates annually against 6-month EURIBOR floating rates,

nd the DLT maturities are 1–10, 12, 15 and 20 years. This implies

hat the EUR’s last liquid point is 20 years. 14 Interpolation will take

lace for interest rates of maturities between 1 year (since swap

ates for shorter maturities are rarely available) and the maturity

orresponding to the LLP. Extrapolation will take place from the

LP and up to a maturity of 150 years implying that the full EIOPA

erm structure curve will span all maturities in the interval from 1

o 150 years. The quite long time span of the calibrated term struc-

ure curve should of course be seen in light of the fact that obliga-

ions of life and pension insurance companies often span beyond

olicyholders’ own lifetime (e.g. for policies that include pensions

or widows and children). 

.2. The Ultimate Forward Rate (UFR) 

One of the most significant parameters of the Smith-Wilson

odel is the “long forward rate” which we earlier denoted f ∞ 

and

hich in EIOPA’s terminology has become the “ultimate forward

ate” and is abbreviated as UFR. 15 The parameter value is specified

y EIOPA and it is their policy to do so according to a “macroe-

onomic approach” (see e.g. CEIOPS, 2010 ) that basically consists

f adding together historical estimates of expected inflation and

hort-term real interest rates. Based on estimates of 2.0% and 2.2%

or the expected inflation and the real interest rates respectively,

he QIS 5 report ( CEIOPS (2010) ) found that 4.2% was an appropri-

te value for the UFR for most currencies, and this value remained

nchanged throughout the development phase of Solvency II. 16 Al-

hough some concern was raised over what was arguably a rel-

tively high value of the UFR compared to the level of risk-free

arket interest rates (see e.g. Rebel, 2012 and Lundbergh et al.,

014 ), EIOPA stuck with the 4.2% value even as Solvency II came

nto effect in January 2016. This could be seen as reflecting the

pinion of EIOPA that the “UFR should be stable over time and only

hange due to fundamental changes in long term expectations”

( CEIOPS, 2010 ), p. 3). In April 2016 EIOPA backed up their deci-

ion by publishing a consultation paper on the issue ( EIOPA, 2016 ).

he paper concluded that the 4.2% value of the UFR parameter was

till appropriate and that it should be maintained at least through-

ut the year 2016. The paper also repeatedly emphasized the im-

ortance of a stable UFR and recommended that future changes in

he numerical value of the UFR should not exceed 20 basis points

er year (see p. 51 of EIOPA, 2016 ). However, on April 5, 2017,

IOPA announced a methodology for deriving the UFR that would

ntail annual updates of the numerical value of the f ∞ 

-parameter

 EIOPA, 2017a and EIOPA, 2017b ) from 2018 onwards. The basis

f the methodology will continue to be the “macroeconomic ap-

roach” referred to above. However, as regards the estimate of the

eal interest rate newer data will be allowed to influence the es-

imate (but the data series still is to include historical data all the

ay back to 1960) and as regards the estimate of the expected in-

ation rate the country specific official central bank inflation target

ates will be used as reference points (see details in EIOPA, 2017a ).
ong-term forward rate”. 
16 Prior to January 2018 the UFR was set to 3.2% p.a. for the Swiss (CHF) and 

apanese (JPY) currencies. It was 5.2% p.a. for BRL, INR, MXN, TYR, SAF, and it was 

4.2% p.a. for all EEA currencies as well as for all non-EEA currencies not mentioned 

bove. 
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ountry specific UFRs will be announced annually by the end of

arch and will be used for determining the risk-free term struc-

ures from January 1, the following year. The new methodology

nnounced in April 2017 implied a preliminary base estimate of

he 2018 UFR for the Euro area of 3.65%, but since it has also

een decided (in accordance with the above-mentioned “volatility

version” of EIOPA) that annual changes must not exceed 15 basis

oints, the final 2018 value of the UFR-parameter was set at 4.05%.

n March 2018 EIOPA announced their base estimate of 3.60% for

he UFR for the Euro area in 2019 (see EIOPA, 2018a ), but again

ue to the rule that limits annual changes to a maximum of 15

asis points the UFR to be applied in the Euro area in 2019 will be

.90%. 17 Should the base estimate remain at 3.60% in the coming

ears the cap on the magnitude of annual adjustments means of

ourse that a UFR value of 3.60% can be reached in the beginning

f 2021 at the earliest. 18 

.3. Convergence parameters 

It can be shown (see Proposition 2 and the Appendix) that

he Smith-Wilson model’s zero-coupon interest rate, r ( t ), and the

odel’s instantaneous forward interest rate for time t, f ( t ), both

onverge towards f ∞ 

as t → ∞ . The starting points for these con-

ergence processes are the interest rates prevailing at the last

iquid point, and convergence thus takes place as maturities in-

rease further into the extrapolation period window. The speed

f convergence of r ( t ) and f ( t ) towards f ∞ 

depends crucially

n the Smith-Wilson model’s α-parameter and EIOPA has de-

ided to regulate this convergence process as follows. First of all

he Omnibus II Directive (2014) defines a Convergence Maturity

CM) for each relevant currency. 19 In general this is defined as

ax { LLP + 40 years ; 60 years } , and it is thus 60 years for the Euro

hich has an LLP equal to 20 years. More precisely, the conver-

ence maturity is the time by which the instantaneous forward in-

erest rate should have converged to the UFR to within an error of

aximum 1bp (the Convergence Tolerance). 20 Since a large α puts

ore weight on UFR in the extrapolation period and thus implies

aster convergence, EIOPA has dictated that α is determined as the

mallest value – although not smaller than 0.05 – which ensures

onvergence in the sense described above. In mathematical terms

he numerical value of EIOPA’s optimal α-parameter, α∗, is deter-

ined as 

∗ ≡ min { α ≥ 0 . 05 : | f ∞ 

− f (CM) | ≤ 1 bp } . (20)

here appears to be no clear economic reasoning underlying the

bove-described convergence requirement apart from the QIS 5

tudy’s vague reference to Thomas and Maré (2007) who found

hat a value of the α-parameter of 0.1 was appropriate in their

tudy of the South African market. 
17 The country specific UFRs published by EIOPA in January 2018 varied between 

.05% (for Lichtenstein and Switzerland) and 5.35% (for Brazil, India, South Africa 

nd Turkey). In 2019 they will vary between 2.90% (for Switzerland) and 5.50% (for 

razil, India, South Africa and Turkey), see EIOPA (2018a) . 
18 In a recent report the European Systemic Risk Board (2017) comment on 

IOPA’s new methodology for adjusting the UFR. The ESRB find it “to be too slow, 

hould a ”low-for-long“ scenario prevail over the next decade.”
19 The Convergence Maturity is obtained as the sum of the last liquid point (LLP) 

nd the country-specific Convergence Period (CP). For example, the LLP may be 20 

ears and the Convergence Period may be 40 years. Then the Convergence Maturity 

s 60 years. 
20 The QIS 5 report, CEIOPS (2010) , introduced the convergence point/convergence 

aturity and suggested that a range between 70 and 120 years was appropriate. 

he curves provided by CEIOPS for the study were constructued with the conver- 

ence point set to 90 years and the convergence tolerance was 3bp. 
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.4. Credit risk adjustment (CRA) 

Another important aspect of EIOPA’s Smith-Wilson implemen-

ation instructions is the Credit Risk Adjustment (CRA) the idea of

hich is to adjust for any credit spreads in the market (swap) rates

hat are used as input in the procedure for determining the risk-

ree term structure curve. The adjustment is applied as a paral-

el downward shift of the market rates for maturities up to and

ncluding the last liquid point. The size of the adjustment is de-

eloped in accordance with Recital 20 and Article 45 of the Dele-

ated Regulation ( The European Commision, 2015 ) as, basically, 50

ercent of the average spread between 3-month interbank offered

ates (IBOR) and overnight indexed swap (OIS) interest rates of the

ame maturity where the average is calculated over a time period

f one year. 21 Interestingly, an interval for the value of this param-

ter is hard-coded into the Delegated Regulation which states that

the adjustment shall not be lower than 10 basis points and not

igher than 35 basis points”. 

EIOPA (2018b) (p. 31–33) explains the application and the cal-

ulation of the CRA in more detail. Most notably it is clarified that

hen swap rates are used as the basis for the determination of the

isk-free term structure curve (as is EIOPA’s preferred method) “the

RA is applied to observed par swap rates before deriving the zero

oupon rates”. 

.5. Volatility adjustment (VA) 

The final significant element of EIOPA’s Smith-Wilson imple-

entation instructions that we wish to briefly introduce here is

he optional Volatility Adjustment (VA) to the term structure curve.

ccording to the introductory remarks in EIOPA (2018b) the VA

s introduced “in order to reduce the impact of short term mar-

et volatility on the balance sheets of undertakings”. It seems fair

o question whether such a purpose could be in conflict with the

verall Solvency II principle of market consistency in valuations,

ut one would have to look more carefully into EIOPA’s method-

logy for calculating the volatility adjustment before a definitive

onclusion can be reached on that issue. However, the descrip-

ion of that quite technical methodology spans almost 40 pages of

IOPA (2018b) placing such an analysis outside the scope of the

resent paper, and we must relegate that question to future re-

earch. For now we will limit the exposition to stating a few basic

acts regarding the VA. 

First of all, the size of the volatility adjustment to the term

tructure curve is calculated and published monthly by EIOPA for

ll relevant countries and currencies. The adjustment is measured

n basis points and it is based on 65% of the risk-corrected spread

etween the yield that can be earned on an average sector portfo-

io of government and corporate bonds in a given country and the

asic risk-free interest rates. A large part of the above-mentioned

echnical documentation concerns the definition of the country-

pecific reference portfolio (and a similar representative portfolio )

nd how risk-corrections should be done. 

With the numerical size of the VA determined it must be ap-

lied in the term structure calibration procedure as follows. The

mith-Wilson calibration is first run without the VA in order to de-

ermine an intermediary term structure of risk-free interest rates.

he VA is then added to the zero-coupon rates obtained from this

rst step for all maturities up to the last liquid point, and the cal-

bration procedure is then re-run using a zero-coupon bond cash-

ow matrix corresponding to these adjusted zero-coupon rates.

he effect of the VA is an upwards parallel displacement of a size
21 The IBOR–OIS-spread is generally recognized as a good measure of credit risk 

n the interbank market. See for example ( Filipovic and Trolle, 2013 ) and references 

herein. 
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equal to the VA of the basic risk-free interest rate term structure

curve until the last liquid point. The term structure curve is also

affected by the VA after the last liquid point – i.e. in the extrapo-

lation interval – but the effect of the adjustment will decrease as

maturities increase since the convergence criterion (20) in relation

to forward rates must still be observed. For the EUR currency the

VA varied between 3 and 33 bps during 2016 and 2017. The VA for

the Danish kroner (DKK) has been among the largest. During the

years 2016 and 2017 it varied between 30 and 71 bps. The practi-

cal application of the volatility adjustment is illustrated in the next

section. 

5. Illustration and analysis 

In this section we illustrate the calibration and application of

the Smith–Wilson model on the basis of recent market data and

by observing EIOPA’s implementation instructions ( EIOPA, 2018b )

as described in the previous section. Having determined the EIOPA

risk-free term structure of interest rates we move on to compar-

ing it with term structure curves obtained from some alternative

and arguably more standard methods for term structure estima-

tion. Finally, we illustrate the impact that the choice of term struc-

ture model may have on the calculated technical provisions – ba-

sically the present value of the liabilities – of a pension company.

The illustrations in this section are based on market data of EUR

swap interest rates (in accordance with EIOPA’s primary recom-

mendations cf. Section 4.1 ) and on projected future pension ben-

efits payable from an actual Danish pension fund. 

5.1. Smith-Wilson model calibration 

The swap interest rates used for our illustration were collected

from Bloomberg (code “EUSA Curncy”) on July 8, 2016. This par-

ticular date was chosen because the data set on projected payable

pension benefits that we obtained from a Danish pension fund –

and which will be presented in Section 5.3 below – were con-

structed on precisely this date. July 8, 2016 was a fairly normal day

in the market. Interest rates were low, but not record low for the

year. Prior to any analysis we subtract a credit adjustment (CRA) of

10 basis points directly from all swap rates, cf. Section 4.4 . 22 It may

be noted that EUR swap interest rates are normally available for

annual maturities ranging from 1 to 30 years and hence that risk-

free zero-coupon interest rates for corresponding maturities can be

obtained by applying a standard bootstrapping procedure to these

data. 23 Both types of market rates – i.e. credit risk-adjusted EUR

swap rates and the corresponding bootstrapped zero-coupon rates

from July 8, 2016 – are plotted in Fig. 2 below. Most notable is the

fact that market rates are negative up to and including the 8-year

point. For maturities longer than 20 years the plotted rates seem

to stabilize at a level of approximately 0.6% and for any given ma-

turity the difference between the two types of rates is seen to be

quite small. 

Based on the market data presented above we will now de-

termine the full – i.e. interpolated as well as extrapolated – risk-

free interest rate term structure curve according to EIOPA’s ap-

proach. The first step in the procedure is to discard all data points

where the swap rates are not deemed by EIOPA to be sufficiently

liquid. As explained in the previous section this means that we
22 A full-blown empirical analysis of market credit spreads on the chosen date 

is outside the scope of this paper. We have simply adopted the CRA value used 

by EIOPA in all of its publications from January 2016 to July 2018, namely 10 bps. 

t is worth noting, however, that a CRA value of 10 bps is precisely at the lower 

boundary of the interval for the CRA adjustment specified in The European Commi- 

sion (2015) . 
23 See for example ( Veronesi, 2010 ). 

W  

t  

d

a

hould only include swap rates relating to maturities in the set

1–10, 12, 15, 20} years. Having filtered the data in this way

e are left with 13 priced swap instruments which offer payments

t 20 different future dates. The information in this data set re-

arding the par-priced fixed legs of the remaining swap instru-

ents enables us to set up a price vector – m in the notation of

ection 3 – as a 13-dimensional unit vector, as well as a 13 × 20–

imensional cash flow matrix, C (refer again to Section 3 ), corre-

ponding to the fixed swap rate payments (plus a unitary notional

epayment at the swaps’ maturity date). The next step is to specify

alues for the Smith-Wilson model parameters f ∞ 

and α. As ex-

lained in the previous section, the ultimate forward rate specified

y EIOPA was 4.2% until January 2018 so this is the value we will

se in our illustration of liability valuation in July of 2016. EIOPA’s

FR is based on discrete annual compounding. The f ∞ 

-parameter

alue for use in Smith-Wilson’s continuous compounding formula-

ion is thus ln(1.042) which is approximately 4.11%. 

As regards the convergence parameter, α, the requirement put

orward by EIOPA (see Eq. (20) ) basically means that this parame-

er must be determined via a numerical search procedure. In prac-

ice one can start out by setting any positive value of α (for ex-

mple a value of 0.1 as used and recommended by Thomas and

aré (2007) ), solve the model and then check if the convergence

riterion (20) is met. If the absolute difference between f ∞ 

and

he model’s implied forward rate at the convergence maturity (60

ears for the EUR currency) is smaller than the convergence toler-

nce (here, 1 bp) then α can be lowered, and vice versa. In the

resent illustration and with the given dataset we have deter-

ined a value of α equal to 0.1358. It can be noted that in gen-

ral we have not experienced problems with determining a value

f the α-parameter according to the procedure in (20) although

 Lagerås and Lindholm, 2016 ) report that the numerical optimi-

ation of α can sometimes be problematic due to singularities in

he error function defined in (20) . It should also be noted that

y depending on a numerical optimization procedure in this way,

he solution procedure of the Smith-Wilson model does not dif-

er fundamentally from the way more classic term structure mod-

ls (like e.g. Nelson and Siegel, 1987 and Svensson, 1994 ) are im-

lemented. This is contrary to statements made by EIOPA (see

.g. CEIOPS, 2010 , p. 14) that highlight the fact that the Smith-

ilson model “is based on solving a linear system of equations

nalytically ” (EIOPA’s underlining) and that “this is an advantage

ompared to other methods that are based on e.g. minimizing

ums of least square deviations”. 

The calibration of the Smith-Wilson model in the sense de-

cribed above also involves the determination of a 13-dimensional

-parameter vector by solution of the linear equation system

19) . 24 With this step completed and with the convergence cri-

erion satisfied we can finally say that the full discount function,

 ( t ), and hence the Smith–Wilson zero-coupon interest rates, r ( t ),

s well as instantaneous forward rates, f ( t ), have been determined

or all values of t ≥ 0. Fig. 3 shows plots of the Smith–Wilson term

tructure and forward rate curves for the 1- to 100-year range de-

ermined from the data on July 8, 2016, following EIOPA’s imple-

entation instructions. The fundamental data points in the form

f the zero-coupon interest rates bootstrapped from the market

wap rates have also been plotted although only a subset of their

orresponding swap rates have been used for obtaining the Smith-

ilson curve, cf. above. The parts of the curves that span from 1

o 30 years are re-plotted in Fig. 4 in order to highlight the finer

etails in the short range. 
24 We do not report these values as they have no obvious interpretation, but they 

re available from the author on request. 
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Fig. 2. The basic market data - credit risk-adjusted annual EUR swap interest rates and bootstrapped zero-coupon rates on July 8, 2016. 

Fig. 3. Bootstrapped market zero-coupon interest rates and fitted Smith-Wilson zero-coupon and forward rate curves on July 8, 2016 (100 year horizon). 
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It can be seen from Figs. 3 and 4 that the calibrated Smith–

ilson term structure curve follows the data points quite closely

ntil the (last liquid) 20-year point where it takes off steeply up-

ards towards the given convergence level – the UFR-level – that

ies much higher than the market rates in this maturity range. The

inor deviations that can be spotted between the Smith–Wilson

ero-coupon curve and the market rates in the 15 to 20 year ma-

urity range are due to the discarded data points in this range, cf.

bove. The plot of the instantaneous forward rate in Fig. 3 confirms

hat convergence of the model’s forward rate to the UFR-level has

appened at the 60-year mark. 

We next present a pair of plots that give an indication of the

ensitivity of the location of the extrapolated part of the Smith-

ilson curve to the two key parameters f ∞ 

and α. Fig. 5 illus-

rates that increasing α speeds up the convergence of the zero-

oupon rates towards the level of the UFR. It turns out, however,
hat increasing α above the value of 1 has little additional ef-

ect. 

In Fig. 6 we have again calibrated the Smith-Wilson model to

he market data from July 8, 2016, but with alternative values of

he exogeneously specified UFR. Not surprisingly we see that lower

alues of f ∞ 

imply zero-coupon interest rates that are lower in the

xtrapolation area. As we shall see, it may have a dramatic effect

n the present value of long dated guaranteed pension obligations

o lower the model’s ultimate forward rate. 

Fig. 7 shows the Smith–Wilson curve with the DKK volatil-

ty adjustment (red curve) along with the earlier seen standard

mith-Wilson curve (blue curve) and the bootstrapped market

ero-coupon rates for the Euro on July 8, 2016. The main effect of

he VA is clearly to deliver a significant “lift” to the term structure

urve in the short and liquid end. After the application of the VA

djustment there are no longer any rates that are negative. 
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Fig. 4. Bootstrapped market zero-coupon interest rates and fitted Smith-Wilson zero-coupon and forward rate curves on July 8, 2016 (30 year horizon). 

Fig. 5. Fitted Smith-Wilson term structure curves (UFR = 4.2%) on July 8, 2016. Sensitivity to convergence/smoothing parameter, α. 
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The difference between the two Smith-Wilson curves is also

plotted (green curve) as this shows the DKK volatility adjustment

for the entire maturity spectrum. In accordance with the construc-

tion of the curve we observe that the VA curve is horizontal at the

given level of 59 bps from year 1 and until the last liquid point. 25 

After the last liquid point the VA-effect declines, but it is clearly

significant far into the extrapolation area. For example, the VA-

“lift” is 48 bps at the 30-year point, 30 bps at the 50-year point,

and 15 bps at the 100-year point. 
25 EIOPA’s published VA adjustment for DKK was 59 bps for July, 2016. The VA was 

59 bps in June and 56 bps in August. It varied between 51 and 71 bps in 2016. The 

average over the year was also 59 bps. 

 

p  
.2. Calibration of some alternative term structure models 

Before we turn our attention to the valuation of pension liabili-

ies using the EIOPA/Smith–Wilson term structure model we want

o briefly introduce some alternative models for term structure es-

imation that we will use later for comparison with EIOPA’s ap-

roach. The models in question can be characterized as follows: 

• Bootstrapped market zero-coupon interest rates with horizontal

extrapolation 

• The standard Nelson–Siegel model ( Nelson and Siegel, 1987 ) 

• The extended Nelson–Siegel model ( Svensson, 1994 ) 

The first of the models mentioned above is an extremely sim-

le and parameter-free approach where the idea is to use mar-



P.L. Jørgensen / Journal of Banking and Finance 97 (2018) 219–237 229 

Fig. 6. Fitted Smith-Wilson term structure curves ( α = 0 . 136 ) on July 8, 2016. Sensitivity to Ultimate Forward Rate (UFR). 

Fig. 7. Bootstrapped market zero-coupon interest rates and fitted Smith-Wilson curves with and without volatility adjustment (59 bps) on July 8, 2016. 
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et interest rates – possibly interpolated – up to the last available

aturity and then to assume that all rates thereafter are identi-

al to this last rate. More formally, if we let r BS ( t ∗) denote the

ootstrapped market zero-coupon interest rate at the longest avail-

ble maturity, t ∗, then this method involves setting r(t) = r BS (t ∗)
or t ≥ t ∗, where t ∗ will normally be 30 years when bootstrapping

s based on EUR swap rates. 26 The term structure curve resulting

rom this approach will, of course, be flat in the extrapolation in-
26 A shorter “last available maturity” can of course be chosen subjectively. 

s  

H

erval. In the present illustration we have used the 30-year zero-

oupon rate (0.62%) as the reference point for the horizontal ex-

rapolation. Since the market term structure curve is more or less

at already from the 20-year point we note that the results would

ave been largely unaffected if we had instead used the rate pre-

ailing at EIOPA’s last liquid 20-year point (0.60%). Note that the

act that the bootstrapped market curve is already flat in the 20

o 30 year maturity range in the current illustration could be a

trong argument for using this particular extrapolation approach.

owever, we can obviously not rely on this always being the case. 
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Fig. 8. Bootstrapped market zero-coupon rates and fitted 4- and 6-parameter Nelson–Siegel term structure curves on July 8, 2016 (30 year horizon). 
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27 It can be shown (and plots that we have omitted confirm it) that spot forward 

rates converge to the same level as zero-coupon rates in the Nelson–Siegel models. 

In the present case the convergence of forward rates is much faster than in the 

Smith-Wilson model. 
The second and third of the alternative term structure es-

timation approaches listed above comprise two models from

the Nelson–Siegel family – the standard 4-parameter model of

( Nelson and Siegel, 1987 ) as well as its extended version, i.e. the 6-

parameter model proposed by Svensson (1994) . The main motiva-

tion for including these two models in our analysis is that they are

widely used and popular in practice. More specifically, in 2005 the

Bank for International Settlements (BIS) conducted a study on cen-

tral banks’ approaches to the estimation of the zero-coupon yield

curves ( BIS, 2005 ). One conclusion of the study was that “In most

cases, ... central banks adopted the so-called Nelson and Siegel ap-

proach or the Svensson extension thereof. ”

In the 6-parameter extended Nelson–Siegel model the term

structure of zero-coupon interest rates is parameterized as fol-

lows, 

r ENS (t) = β0 + β1 

( 

1 − exp 

(
− t 

τ1 

)
t 
τ1 

) 

+ β2 

( 

1 − exp 

(
− t 

τ1 

)
t 
τ1 

− exp 

(
− t 

τ1 

))
+ β3 

( 

1 − exp 

(
− t 

τ2 

)
t 
τ2 

− exp 

(
− t 

τ2 

))
, t > 0 , (21)

where β0 , β1 , β2 , β3 , τ 1 and τ 2 are the six constant parameters.

Clearly it must be required that τ 1 > 0 and τ 2 > 0. The 4-parameter

Nelson–Siegel model ( Nelson and Siegel, 1987 ) is the special case

of the above obtained by setting β3 = 0 (making also the parame-

ter τ 2 redundant). 

In Figs. 8 and 9 below we show the term structure curves re-

sulting from fitting the Nelson–Siegel 4- and 6-parameter mod-

els ( Nelson and Siegel, 1987 and Svensson, 1994 ) to the market

data used above, i.e. zero-coupon interest rates bootstrapped from

swap interest rates spanning the full maturity range from 1 to 30

years. 

The first of the figures shows the 1- to 30-year range only,

whereas the second plot shows the curves resulting from simple
xtrapolation of these two models into the maturity range be-

ond the 30-year point. It is seen that as maturity lenghtens, zero-

oupon interest rates in both the 4- and the 6-parameter versions

f the Nelson–Siegel model converge to a level which is approxi-

ately 1%. 27 The convergence level is given by the β1 -parameter

n both models, and the exact values of all fitted parameters are

iven in the figures. It can be seen that the models’ fit to the mar-

et data is good, although not perfect. This is as expected given

he fact that these models are parsimonous with only 4 and 6 pa-

ameters compared to the Smith–Wilson model’s 15 parameters (in

ur current illustration of the EIOPA standard implementation). For

igs. 8 and 9 the following parameter values have been applied: 

tandard Nelson–Siegel model: 

0 = 0 . 0098 , β1 = −0 . 0093 , β2 = −0 . 0305 , τ = 2 . 1102 . 

xtended Nelson–Siegel model: 

0 = 0 . 0096 , β1 = −0 . 0201 , β2 = −0 . 3780 , β3 = 0 . 36 6 6 , 

τ1 = 1 . 2854 , τ2 = 1 . 1813 . 

.3. Calculation of technical provisions 

In the previous subsection we saw how different models can es-

imate the term structure of risk-free interest rates very differently

ven if their calibrations are based on the same market data. The

ifferences between the models were particularly large in the ex-

rapolation area, which is the maturity spectrum beyond 20 years

n our basic illustration. In some contexts the long end of the term

tructure curve may not be particularly important, but for most

ension companies it is crucial. We will illustrate this below where

e demonstrate how the calculated technical provisions of an ac-

ual Danish pension fund can vary enormously depending on the

hosen model and its associated parameterization. 



P.L. Jørgensen / Journal of Banking and Finance 97 (2018) 219–237 231 

Fig. 9. Bootstrapped market zero-coupon rates and fitted 4- and 6-parameter Nelson–Siegel term structure curves on July 8, 2016 (100 year horizon). 

Fig. 10. Projected benefits/payouts (DKK) for 5 generation groups. Danish pension fund, July 2016. 
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28 According to Section 6.A of EIOPA (2018b) provisions in DKK should be calcu- 

lated using the term structure curve for the EUR with an adjustment for currency 

risk amounting to 1 bp. The Danish Krone is pegged to the Euro at a central rate of 

746.038 DKK per 100 EUR. 
The starting point of our illustration is the projected future ben-

fits from an actual medium-sized Danish pension fund. The na-

ure of the calculated benefits is such that – by the Solvency II reg-

lation – the associated fair valued liability should be determined

y a present value calculation using the risk-free term structure of

nterest rates for discounting. In a Solvency II context this means

hat the Smith-Wilson term structure curve must be used. The data

et was constructed on July 8, 2016, and the structure of the data is

s follows. The projected benefits are provided for five different age

roups defined by the policyholders’ year of birth. The first group

omprises policyholders born from 1943 to 1952. The next three

roups also comprise policyholders born within a 10–year interval,

.e. from 1953 to 1962, from 1963 to 1972, and from 1973 to 1982,

espectively. Finally there is a “young” age group comprising pol-

cyholders born in 1983 or later. Benefits are accumulated within

he five age groups and given on an annual basis for time horizons
rom 1 to 100 years. The benefits are denoted in nominal Danish

roner (DKK). 28 

Fig. 10 shows a plot of the projected benefits data and the pay-

ut profile is typical for common pension funds: First there is a

airly linear build-up because pension savers enter evenly into the

ayout phase (a.k.a. the decumulation phase) over a 10-year inter-

al. Then, when all savers in an age group have entered the payout

hase, the accumulated payouts can only fall as time passes and

ensioners start to die out. This happens slowly in the beginning

nd then accelerates until only a smaller fraction of the original
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Table 1 

Present value of liabilities / technical provisions by age group and for different models of the term structure 

of risk-free interest rates. Values in million DKK. Valuation date, July 8, 2016. 

Age group by year of birth 

1943–1952 1953–1962 1963–1972 1973–1982 1983- Total 

Bootstrap + horiz. extrap. a 5,859 5,195 5,408 3,004 1,042 20,508 

Extended Nelson–Siegel b 5,854 5,153 5,272 2,836 960 20,075 

Standard Smith-Wilson c 5,721 4,746 4,274 1,815 494 17,051 

Smith–Wilson + VA-adj. d 5,331 4,279 3,747 1,572 427 15,355 

Indexed with Model 1 as basis 

Bootstrap + horiz. extrap. 100.0 100.0 100.0 100.0 100.0 100.0 

Extended Nelson–Siegel 99.9 99.2 97.5 94.4 92.1 97.9 

Standard Smith–Wilson 97.6 91.4 79.0 60.4 47.4 83.1 

Smith–Wilson + VA-adj. 91.0 82.4 69.3 52.3 40.9 74.9 

a Market rates bootstrapped from annual swap interest rates as explained in main text. Horizontal extrap- 

olation from 30 year point. 
b Estimated parameter values: β0 = 0 . 0096 , β1 = −0 . 0201 , β2 = −0 . 3780 , β3 = 0 . 3666 , τ1 = 1 . 2854 , τ2 = 

1 . 1813 
c Parameter values: f ∞ = ln (1 . 042) , α = 0 . 1358 
d EIOPA’s volatility adjustment (VA) was 59 bps both at end June and at end July, 2016. This value has been 

used. Se also footnote 25. 
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members is left in the age groups. Some lifespans are extended so

it may take 70 years or more before projected benefits reach zero

in a particular age group. 

In order to illustrate how the calculated technical provision

depends on model assumptions in relation to the risk-free term

structure of interest rates we have compiled three tables. In all of

the tables we have calculated technical provisions on July 8, 2016

for each of the five age groups as well as a summed total. The tech-

nical provisions are given both as an absolute present value in DKK

and as an indexed value relative to some specified benchmark. 

In Table 1 we provide these calculated technical provisions for

four different term structure estimation methods. The first ap-

proach is the one that uses bootstrapped risk-free market rates

up to and including the 30-year point and horizontal extrapola-

tion thereafter. We use the result from this approach as a bench-

mark for the indexation in the lower panel of the table. The sec-

ond model is the extended (6-parameter) Nelson–Siegel model.

We do not report results for the standard (4-parameter) Nelson–

Siegel model since they are nearly identical to the results ob-

tained using the extended Nelson–Siegel model. The third model

for which we report valuation results is the standard EIOPA/Smith–

Wilson model, and the fourth model is the volatility adjusted

EIOPA/Smith–Wilson model. 29 

It can be seen from Table 1 that bootstrapping with horizon-

tal extrapolation is the most conservative approach in the sense

that it leads to the highest technical provision in all age groups as

well as totally. The second largest valuations are obtained from the

extended Nelson–Siegel model. Then comes the standard Smith–

Wilson approach, and finally the lowest valuations come from the

volatility adjusted Smith–Wilson model. Looking at the total tech-

nical provision it can be seen that the extended Nelson–Siegel

model valuation is only about 2% lower than the valuation which

is based on market rates with horizontal extrapolation (the bench-

mark in Table 1 ). The total technical provision is 17% lower than

the benchmark with the standard Smith–Wilson model and more

than 25% lower than the benchmark with the volatility adjusted

Smith–Wilson model. It is also interesting to study the differ-

ences in valuations across the age groups. In general the valuations
29 A referee pointed out to us that a somewhat similar analysis to the one in 

Table 1 was made in Budiono (2012) . In a Dutch context this paper compares fund- 

ing ratios (and their variability) obtained from bootstrapped market curves and var- 

ious incarnations of the Smith–Wilson model. The paper compares valuations across 

a ’representative’, a ’young’, a ’middle’, and an ’old’ fund. 

t  

m

 

s  

v  

4  
cross models differ more the younger the age group. For example,

he standard Smith–Wilson approach determines a technical pro-

ision for the oldest age group which is merely 2.4% lower than

he technical provision found by using market rates with horizon-

al extrapolation. But if we consider the youngest age group, the

mith–Wilson approach assigns a value of the liability which is

ess than half of the value found by the benchmark method. If a

olatility adjustment is added to the Smith–Wilson curve the tech-

ical provision drops to merely 40.9% of the benchmark valuation.

he large differences in calculated technical provisions for younger

ge groups can be explained by the fact that these groups of poli-

yholders have a higher fraction of their projected benefits located

n the long end of the maturity spectrum (the extrapolation area)

here we have seen that differences between the models’ term

tructure curves are largest. In other words, the way in which the

erm structure curve is extrapolated beyond the last availbale mar-

et rates is absolutely crucial for the technical provisions that are

alculated. 

In Table 2 we quantify the influence on technical provisions

rom the assumed level of the ultimate forward rate (UFR). As ex-

lained earlier in the paper the UFR level specified by EIOPA was

.2% from the time of the QIS 5 study in 2010 and until end 2017.

or 2018 a UFR value of 4.05% has been specified. We have shown

arlier in the paper that the UFR heavily affects the Smith–Wilson

erm structure in the extrapolation area, and Table 2 shows how

echnical provisions would increase in our example if the UFR level

as lowered to 4.05% (the UFR prevailing in 2018), 3.2%, 2.2%, 1.2%,

nd 0.6% (the level of longest liquid market rates at the valua-

ion date in 2016), respectively. Not surprisingly the general pic-

ure is that technical provisions increase when the UFR is low-

red. The tendency is stronger for the younger age groups. For ex-

mple, the technical provision for the youngest age group more

han doubles when UFR is lowered from 4.2% to 0.6%. For the spe-

ific pension fund considered here the overall level of the tech-

ical provisions would increase by 20% if a UFR of 0.6% was set

nstead of 4.2%. Such an increase would undoubtedly wipe out the

quity capital of most pension funds and pension benefits would

ost likely have to be lowered immediately. The effect of lowering

he UFR by 15 bps to the 2018 level of 4.05% is seen to be quite

arginal. 

In Table 3 we illustrate the effect of changing the convergence

peed parameter, α. Recall that a higher α makes long rates con-

erge faster to the specfied ultimate forward rate which is set at

.2% in the table. In the current illustration a faster convergence
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Table 2 

Present value of liabilities / technical provisions by age group obtained by the Smith–Wilson 

model with different values of the Ultimate Forward Rate (UFR) a . Values in million DKK. Valu- 

ation date, July 8, 2016. 

Age group by year of birth 

1943–1952 1953–1962 1963–1972 1973–1982 1983- Total 

UFR = 4.2% 5,721 4,746 4,274 1,815 494 17,051 

UFR = 4.05% 5,726 4,762 4,312 1,850 509 17,160 

UFR = 3.2% 5,756 4,857 4,538 2,070 602 17,823 

UFR = 2.2% 5,794 4,976 4,835 2,373 738 18,715 

UFR = 1.2% 5,833 5,105 5,168 2,735 911 19,752 

UFR = 0.6% 5,858 5,187 5,389 2,985 1,036 20,455 

Indexed with UFR = 4.2%-results as basis 

UFR = 4.2% 100.0 100.0 100.0 100.0 100.0 100.0 

UFR = 4.05% 100.1 100.3 100.9 102.0 103.0 100.6 

UFR = 3.2% 100.6 102.3 106.2 114.0 121.9 104.5 

UFR = 2.2% 101.3 104.8 113.1 130.8 149.4 109.8 

UFR = 1.2% 102.0 107.5 120.9 150.7 184.4 115.8 

UFR = 0.6% 102.4 109.3 126.1 164.5 209.7 120.0 

a The base estimate of the smoothing parameter has been used, i.e. α = 0 . 1358 . 

Table 3 

Present value of liabilities / technical provisions by age group obtained by the Smith–Wilson 

model a with different values of the smoothing parameter, α. Values in million DKK. Valuation 

date, July 8, 2016. 

Age group by year of birth 

1943–1952 1953–1962 1963–1972 1973–1982 1983- Total 

α = 0 . 0500 5,762 4,868 4,546 2,051 583 17,809 

α = 0 . 10 0 0 5,735 4,786 4,359 1,885 519 17,284 

α = 0 . 1358 5,721 4,746 4,274 1,815 494 17,051 

α = 0 . 50 0 0 5,670 4,611 4,011 1,628 437 16,357 

α = 1 . 0 0 0 0 5,655 4,578 3,955 1,596 428 16,213 

Indexed with α = 0 . 1358 -results as basis 

α = 0 . 0500 100.7 102.6 106.4 113.0 118.0 104.4 

α = 0 . 10 0 0 100.2 100.8 102.0 103.9 105.0 101.4 

α = 0 . 1358 100.0 100.0 100.0 100.0 100.0 100.0 

α = 0 . 50 0 0 99.1 97.1 93.9 89.7 88.4 95.9 

α = 1 . 0 0 0 0 98.9 96.5 92.5 87.9 86.6 95.1 

a The Ultimate Forward Rate is set to 4.2% (discrete compounding), i.e. f ∞ = ln (1 . 042) . 
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–  
f long rates towards a (relatively high) UFR has the effect of low-

ring the calculated technical provision. Using as benchmark the

alues found when α is determined in accordance with the EIOPA

nstructions – i.e. α = 0 . 1358 – we see for example that technical

rovisions fall by about 5% at the overall level if α is increased to

. The effect of such as parameter change is smaller in the oldest

ge group (1%) and larger in the younger age groups (13.4%), and

he explanation is the same as before. 

. Conclusion 

The financial literature that deals with models for the term

tructure of interest rates is extensive and well-developed, but

hen the European supervisory authority for insurance and pen-

ions markets, EIOPA, recently decided on a term structure model

or Solvency II compliant valuations in European L&P companies,

IOPA chose a model from outside the set of classic and well-

nown term structure models. EIOPA chose the Smith–Wilson

odel which was first put forward in a proprietary report by the

ritish actuarial consultancy firm Bacon & Woodrow in the year

0 0 0. It has been stressed by EIOPA that the Smith–Wilson model

s a method in the “open domain” ( CEIOPS, 2010 , p. 13), but so are

he finance literature’s classic models and the claim is curious in

ight of the fact that Bacon & Woodrow prohibits the disclosure

nd distribution of their report to third parties without their prior

ritten permission ( Smith and Wilson, 20 0 0 ). The latter fact may

t least partly explain why the Smith–Wilson model has hitherto
ot received much attention in the academic literature, and one

urpose of the present paper has been to contribute to filling this

ap in the literature. 

Having first briefly described the regulatory background, we

rovided a thorough introduction to the Smith–Wilson model and

ts main characteristics, and we demonstrated the model’s analyti-

al calibration to a given set of fixed income market data. We then

oved on to present and discuss the most significant of the very

etailed implementation instructions that EIOPA (2018b) has put

orward in relation to the Smith–Wilson model’s practical appli-

ation. Some of these are quite puzzling. First of all there is the

equirement that the Smith–Wilson model’s UFR-parameter should

e fixed at 4.2% (4.05% in 2018 and 3.90% in 2019) for most rel-

vant currencies despite the fact that long market rates are cur-

ently much lower than this. The dictate that the convergence of

ong rates towards the relatively high UFR-level should begin al-

eady from the 20-year point also seems strange given that fairly

eliable market interest rates are available up to at least 30 years

or most currencies. And it appears paradoxical that so much em-

hasis is put on the Smith–Wilson model’s ability to fit market

ata exactly in the short end of the curve when market data after

he last liquid point is completely ignored. It is also quite peculiar

hat EIOPA (2018b) has decided on a convergence point that lies

t 60 years (for main currencies such as the Euro) when the most

ignificant preparatory report – the QIS 5 study (e.g. CEIOPS, 2010 )

specifically recommended fixing the convergence point at
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somewhere between the 70- and the 120-year point, and when the

same study provided numerical illustrations that used a conver-

gence maturity of 90 years. In relation to the credit risk adjustment

(CRA) that the Solvency II regulation specifies it is noteworthy,

firstly, that the adjustment – which must be subtracted from mar-

ket observed rates – is restricted to the interval between 10 and

35 bps, and, secondly, that in the full sample (at the time of writing

this paper) of monthly EIOPA publications of the term structure of

risk-free interest rates between December 2015 and July 2018 the

applied CRA-value for the Euro has never deviated from its mini-

mum value of 10 bps. Finally, the allowance of a volatility adjust-

ment, the description of which is very opaque and which does not

appear well justified by financial theory, is a decision that seems

highly questionable. 

The string of peculiar implementation requirements mentioned

above all seem biased in the same direction and could thus in-

dicate a systematic attempt to “lift” the risk-free term structure

curve up and and away from its true location. The consequence

of such an effort could of course be a systematic and massive un-

dervaluation of L&P liabilities across Europe – as also clearly illus-

trated by our numerical illustrations – and this would appear in

clear conflict with Solvency II’s stated objectives of promoting fi-

nancial stability, of protecting policyholders and of ensuring “mar-

ket consistency, prudent assessment of technical provisions and

optimal use of market information” ( EIOPA, 2018b , p. 12). 

Another potential problem with EIOPAs term structure model

is the hedging incentives that it may generate for life and pen-

sion companies in need of managing the risk of their long term

liabilities. When considering their regulatory balance sheets these

companies may find an enormous amount of exposure to interest

rate risk at the last liquid point. This is so since by construction

of the Smith–Wilson model the value of all liability cash flows

with maturities equal to or larger than the LLP will be highly

sensitive to the interest rate prevailing at this particular point.

This may again create an artificially high demand for fixed in-

come hedge instruments with this maturity which may depress

corresponding interest rates and thus create further obstacles in

the way of correct economic and market consistent valuation of

liabilities. 30 While there may thus be a particular problem with

L&P companies influencing the market pricing of instruments with

near-LLP maturities, the point that the L&P sector’s transactions

can “move the market” is likely to apply more generally to the

entire long end of the term structure. This issue is analyzed in

a recent and important report from the European Systemic Risk

Board (2017) and in a fine paper by Domanski et al. (2015) . The

ESRB report considers the broad macroprudential consequences of

EIOPA’s risk-free yield curve as analyzed in this paper, and in a

more general setting the paper by Domanski et al. (2015) shows

that L&P companies’ “hunt for duration” may amplify declines in

long term interest rates and that negative feedback loops may

develop as a consequence. 31 Such findings raise the question of

whether it is really justified to assume L&P companies to be sim-

ple price takers as the market consistency concept of Solvency II

does. It can thus be argued that Solvency II provides a micro-

prudential framework that to some extent neglects the broader
30 Lagerås and Lindholm (2016) point out other problematic issues with the SW 

model in relation to hedging. 
31 The ESRB report also agrees with many of the critical points raised here and 

the overall recommendation of the report is that “the parameters for deriving the 

regulatory euro risk-free yield curve should be reset”, (p. 29). More specifically, the 

report directly states that “The current level of the UFR, set at 4.2%, is too high”, 

(p. 25), it proposes to increase the LLP to 30 years, and to extend the convergence 

period from the current 40 to 100 years. Interestingly and in relation to the critique 

of the current 20-year LLP for the EUR, the report observes that “on three out of 

four measures of liquidity ... 30-year swaps appear, if anything, more liquid than 

20-year swaps”, (p. 18). 

o  

t  

s  

i  
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acro-economic role the L&P industry plays in the capital markets,

nd future research could look into whether this can be improved

pon. 

In light of what seems to be a number of significant conflicts

etween, on the one hand, EIOPA’s detailed and specific imple-

entation instructions for determining the term structure of risk-

ree interest rates and, on the other hand, both well-established

nancial theory and some of the fundamental and very sensi-

le overall principles in the Solvency II Directive, it seems as

f EIOPA’s key document, the “Technical documentation of the

ethodology to derive EIOPA’s risk-free interest rate term struc-

ures” ( EIOPA, 2018b ) could benefit from another round of revi-

ion. A first priority here must be to get the part about market

onsistent liability valuation right. As we have argued in this pa-

er there can be little doubt that the way 0- to 30-year liabilities

re handled today is not market consistent. EIOPA’s artificially early

ast liquid point and the more recent invention - the VA adjust-

ent - constitute simple proof of that. The effective consequence

f these manipulations is that life and pension companies are al-

owed to use two different term structure curves when setting up

heir balance sheets – one for assets (the true risk-free market

urve) and another, higher, curve for valuing liabilities. That can-

ot be right. 

While it is relatively easy to pinpoint things that are wrong

ith the 0- to 30-year span of the EIOPA term structure curve it is

arder to devise how to correctly construct a term structure curve

or very long maturities where markets for risk-free assets are illiq-

id or non-existent. 32 But what we have documented in this paper

s that EIOPA’s current approach implies a very aggressive “lift” of

ates beyond 20 years towards a level which is much higher than

he level of the longest interest rates that we can observe. De-

pite attempts to justify this convergence level – the UFR – with

acroeconomic data it remains that no one can invest without risk

t these rates and thus that using them for discounting hard, long-

erm pension guarantees conflicts severely not only with basic fi-

ancial theory but also with the fundamental insurance principle

f prudence , see e.g. Welzel (1996) . 

There are some obvious directions for future research. First of

ll we suggest that more work is done on how the term structure

urve can be extrapolated in a way that takes proper account of

rice information from the “long end” of the market. This could

esult in recommendations for maintaining the use of the Smith–

ilson model but with a variable UFR that gives recognition to

nformation contained in long market interest rates – a point that

as also been made by others including ( Budiono, 2012; European

ystemic Risk Board, 2017 ), and ( Rebel, 2012 ). Another interesting

nd important subject for academic research would be an anal-

sis of EIOPA’s various adjustments to the risk-free interest rate

urve. In particular, the volatility adjustment that we have briefly

ntroduced in this paper seems worthy of closer scrutiny. In ad-

ition to what has already been mentioned it could seem as if

here is a conflict between the way in which the volatility ad-

ustment is defined and the Solvency II Directive’s fundamental

nd very sensible principle that there should be made “no adjust-

ent to take account of the own credit standing of the insurance

r reinsusrance undertaking” when valuing its liabilities (see Ar-

icle 75(1b) of the Solvency II Directive (2009) ). Future research

hould look closer into the details of EIOPA’s method for determin-

ng the VA and into whether it is really empirically and theoreti-

ally sound. 
32 See Balter et al. (2016) for an empirical investigation of the extrapolation of 

ield curves based on continuous time dynamic term structure models such as the 

famous Vasicek-model ( Vasicek, 1977 ). 
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ppendix A. Some properties of Wilson’s function and their 

mplications 

Recall first that in the general case, the Smith–Wilson discount

unction is given as 

 (t) = e − f ∞ ·t + 

N ∑ 

i =1 

ξi 

( 

J ∑ 

j=1 

c i, j · W (t, u j ) 

) 

, t ≥ 0 , (A.1)

ith Wilson’s function defined as 

 (t, u j ) = e − f ∞ ·(t+ u j ) 
{
α · min (t, u j ) − 0 . 5 e −α·max (t,u j ) (

e α·min (t,u j ) − e −α·min (t,u j ) 
)}

= 

{
e − f ∞ ·(t+ u j ) 

{
α · t − 0 . 5 e −αu j 

(
e αt − e −αt 

)}
t < u j 

e − f ∞ ·(t+ u j ) 
{
α · u j − 0 . 5 e −αt ( e αu j − e −αu j ) 

}
t ≥ u j . 

(A.2) 

he parameters f ∞ 

and α are exogenously given and must be

trictly positive. The ξ i ’s are (unrestricted) calibration parameters.

he payment dates, { u j } j=1 , ... ,J , must be strictly positive and it is

atural to also assume that the payments, { c i, j } i =1 , ... ,N, j=1 , ... ,J , are

ositive although this is not strictly necessary. Below we present a

tring of results relating to the properties of Wilson’s function. 

emma 1. Continuity and limits of the W ( t, u j ) ’s for t ↓ 0 and t → ∞ 

It follows directly from (A.2) that the W ( t, u j ) ’s are continuous in

, t ∈ IR ≥ 0 , and that 

im 

t↓ 0 W (t, u j ) = lim 

t↓ 0 e 
− f ∞ ·(t+ u j ) 

{
α · t − 0 . 5 e −αu j 

(
e αt − e −αt 

)}
= 0 , 

nd 

lim 

→∞ 

W (t, u j ) = lim 

t→∞ 

e − f ∞ ·(t+ u j ) 
{
α · u j − 0 . 5 e −αt 

(
e αu j − e −αu j 

)}
= 0 .

emma 2. Partial derivatives of the W ( t, u j ) ’s w.r.t. t and their limits 

From (A.2) it follows that for t < u j we have 

∂W (t, u j ) 

∂t 
= − f ∞ 

· W (t, u j ) + αe − f ∞ (t+ u j ) 
{

1 −0 . 5 e −αu j 
(
e αt + e −αt 

)}
imilarly, for t > u j it holds that 

∂W (t, u j ) 

∂t 
= − f ∞ 

· W (t, u j ) + e − f ∞ (t+ u j ) 
{
α0 . 5 e −αt 

(
e αu j − e −αu j 

)}
= − f ∞ 

· W (t, u j ) + α0 . 5 

(
e αu j − e −αu j 

)
e − f ∞ u j e −(α+ f ∞ ) t . 

(A.3) 

sing in part Lemma 1 it may now be noted that 

im 

t↓ 0 
∂W (t, u j ) 

∂t 
= αe − f ∞ u j 

(
1 − e −αu j 

)
> 0 , (A.4)

nd that 

lim 

→∞ 

∂W (t, u j ) 

∂t 
= 0 . (A.5) 

t is finally of interest to note that 

im ↑ u j 
∂W (t, u j ) 

∂t 
= − f ∞ 

· W (u j , u j ) + αe −2 f ∞ u j 
(
1 − 0 . 5(1 + e −2 αu j ) 

)
= − f ∞ 

· W (u j , u j ) + 

α

2 

e −2 f ∞ u j 
(
1 − e −2 αu j 

)
, (A.6)
nd that 

im ↓ u j 
∂W (t, u j ) 

∂t 
= − f ∞ 

· W (u j , u j ) + 

α

2 

(
e αu j −e −αu j 

)
e − f ∞ u j e −(α+ f ∞ ) u j 

= − f ∞ 

· W (u j , u j ) + 

α

2 

e −2 f ∞ u j 
(
1 − e −2 αu j 

)
= lim 

t↑ u j 
∂W (t, u j ) 

∂t 
, (A.7)

hich demonstrates that Wilson’s function is indeed differentiable

.r.t. t everywhere in its domain. 

emma 3. Positivity of the W ( t, u j ) ’s 

To establish that Wilson’s function is positive everywhere it will

uffice to establish positiveness of the function 

(t, u j ) ≡ e f ∞ (t+ u j ) W (t, u j ) 

= α · min (t, u j ) − 0 . 5 e −α·max (t,u j ) 
(
e α·min (t,u j ) − e −α·min (t,u j ) 

)
= 

{
α · t − 0 . 5 e −αu j 

(
e αt − e −αt 

)
t < u j 

α · u j − 0 . 5 e −αt ( e αu j − e −αu j ) t ≥ u j . 
(A.8)

e first see that I ( · , · ) is a continuous function and that 

im 

t↓ 0 I(t, u j ) = 0 , (A.9)

nd 

lim 

→∞ 

I(t, u j ) = αu j > 0 . (A.10)

s regards the partial derivative of I ( · , · ) w.r.t. t we conclude that 

∂ I(t, u j ) 

∂t 
= 

{
α − 0 . 5 e −αu j 

(
αe αt + αe −αt 

)
t < u j 

0 . 5 αe −αt ( e αu j − e −αu j ) t ≥ u j . 
(A.11) 

he differentiability of I ( t, u j ) in the point t = u j is established in the

ame manner as we did for W ( t, u j ) in Lemma 2 . 

Let us now consider the sign of 
∂ I(t,u j ) 

∂t 
. For t < u j we have 

∂ I(t, u j ) 

∂t 
= α − 0 . 5 e −αu j 

(
αe αt + αe −αt 

)
= α

(
1 − 0 . 5 e −αu j 

(
e αt + e −αt 

))
> α

(
1 − 0 . 5 e −αt 

(
e αt + e −αt 

))
= α

(
1 − 0 . 5 

(
1 + e −2 αt 

))
> α( 1 − 0 . 5 ( 1 + 1 ) ) 

= 0 . (A.12) 

or t ≥ u j we see that 

∂ I(t, u j ) 

∂t 
= 0 . 5 αe −αt 

(
e αu j − e −αu j 

)
= 0 . 5 αe −αt e αu j 

(
1 − e −2 αu j 

)
> 0 , (A.13) 

nd we can conclude that I ( t, u j ) is a positive function that increases

rom 0 towards a constant, αu j , as t → ∞ . Along with Lemma 1 this

mplies that Wilson’s function is positive, continuous, and differen-

iable function with limits as established above. 
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Lemma 4. The initial instantaneous interest rate and the infinitely

long zero-coupon interest rate 

As the relation between the discount function, P ( t ), and continu-

ously compounded zero-coupon interest rates, r ( t ), is given as 

P (t) = e −r(t) ·t 

or equivalently as 

r(t) = −1 

t 
log P (t) , 

then in order for us to establish the initial instantaneous interest rate

(r 0 ) and the infinitely long zero-coupon interest rate (r ∞ 

) implied by

the Smith–Wilson discount function we should consider the limits 

r 0 ≡ lim 

t↓ 0 −
1 

t 
log P (t) , (A.14)

and 

r ∞ 

≡ lim 

t→∞ 

−1 

t 
log P (t) , (A.15)

where P ( t ) is the Smith–Wilson discount function given in (A.1) . 

Considering first (A.14) we see that both the numerator and the

denominator of the expression tend to zero, so we invoke l’Hôpital’s

rule to first conclude that if the limits exist 

r 0 = lim 

t↓ 0 −
1 

t 
log P (t) 

= lim 

t↓ 0 −
∂ 

∂t 
log P (t) 

= lim 

t↓ 0 −
∂P(t) 
∂t 

P (t) 
. (A.16)

At this point we note that we have established in Lemma 4 that

lim t↓ 0 P (t) = 1 so it remains only to consider 

lim 

t↓ 0 
∂P (t) 

∂t 

= − lim 

t→∞ 

∂P(t) 
∂t 

P (t) 

= lim 

t→∞ 

( 

f ∞ 

e − f ∞ ·t − ∑ N 
i =1 ξi 

(∑ J 
j=1 

c i, j 

(

= lim 

t→∞ 

( 

f ∞ 

· P (t) − ∑ N 
i =1 ξi 

∑ J 
j=1 

c i, j ·

= f ∞ 

− lim 

t→∞ 

( ∑ N 
i =1 ξi 

∑ J 
j=1 

c i, j · α0 . 5 (

= f ∞ 

− lim 

t→∞ 

( ∑ N 
i =1 ξi 

∑ J 
j=1 

c i, j · α0 . 5 (

e − f ∞ ·t + 

∑ N 
i =1 ξi

= f ∞ 

− lim 

t→∞ 

( ∑ N 
i =1 ξi 

∑ J 
j=1 

c i, j · α0 . 5 (

1 + 

∑ N 
i =1 ξi 

(∑ J 
j=1

= f ∞ 

− lim 

t→∞ 

( ∑ N 
i =1 ξi 

∑ J 
j=1 

c i, j · α0 . 5 (

1 + 

∑ N 
i =1 ξi 

(∑ J 
j=1 

c i, j 

= f ∞ 

− lim 

t→∞ 

( ∑ N 
i =1 ξi 

∑ J 
j=1 

c i, j · α0 . 5 (

1 + 

∑ N 
i =1 ξi 

(∑ J 
j=1 

= f ∞ 

. 
= lim 

t↓ 0 

( 

− f ∞ 

· e − f ∞ t + 

N ∑ 

i =1 

ξi 

J ∑ 

j=1 

c i, j ·
∂W (t, u j ) 

∂t 

) 

= − f ∞ 

+ 

N ∑ 

i =1 

ξi 

J ∑ 

j=1 

c i, j ·
(
αe − f ∞ u j (1 − e −αu j ) 

)
, (A.17)

here we have used the appropriate limiting result for the deriva-

ive of W ( · , u j ) from Lemma 2 . We conclude that the Smith–Wilson

odel’s initial instantaneous interest rate, r 0 , is given by 

 0 = f ∞ 

−
N ∑ 

i =1 

ξi 

J ∑ 

j=1 

c i, j ·
(
αe − f ∞ u j (1 − e −αu j ) 

)
. (A.18)

t can be noted that this is not in general guaranteed to be positive. 

As for the infinitely long zero-coupon interest rate we must evalu-

te (A.15) . Again both numerator and denominator are indeterminate

nd we thus apply l’Hôpital’s rule once more to conclude that (if the

imit exists): 

 ∞ 

= lim 

t→∞ 

− ∂ 

∂t 
log P (t) 

= − lim 

t→∞ 

∂P(t) 
∂t 

P (t) 
. (A.19)

ince the instantaneous forward rate at time t, f t , is defined as −
∂P(t) 
∂t 

P(t) 

e see that if we can establish this limit then we will at the same

ime have determined the instantaneous forward rate at the infinite

orizon. 

Let us now work on (A.19) . Calculating and inserting the time-

erivative of the Smith–Wilson discount function for large t we get 

 

W (t, u j ) + α0 . 5 ( e αu j − e −αu j ) e − f ∞ u j e −(α+ f ∞ ) t 
))

P (t) 

) 

 ( e αu j − e −αu j ) e − f ∞ u j e −(α+ f ∞ ) t 

 

) 

− e −αu j ) e − f ∞ u j e −(α+ f ∞ ) t 

 

) 

− e −αu j ) e − f ∞ u j e −(α+ f ∞ ) t 

1 
c i, j · W (t, u j ) 

)
) 

− e −αu j ) e − f ∞ u j e −αt 

e f ∞ t W (t, u j ) 
)

) 

− e −αu j ) e − f ∞ u j e −αt 

(t+ u j −u j ) W (t, u j ) 
)

) 

− e −αu j ) e − f ∞ u j e −αt 

e − f ∞ u j I(t, u j ) 
)

) 

(A.20) 

he final equality is obtained by noting that the numerator tends to

ero and that – by the limiting result regarding the functions I ( · , u j )

rom Lemma 3 – the denominator converges to some strictly positive

onstant. 

To reiterate we have proven in this second half of Lemma 4 that

he infinitely long zero-coupon interest rate, r ∞ 

, and the Smith–
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ilson model’s ultimate forward rate, f ∞ 

, coincide. And along the

ay we have established that the instantaneous forward rate (im-

lied at time zero) for the infinitely long horizon is also equal to f ∞ 

,

.e. lim t→∞ 

f t = f ∞ 

. This enables us to give some interpretation to the

arameter, f ∞ 

, that needs to be exogenously specified before estimat-

ng/calibrating the Smith–Wilson model to market prices. 
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