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Abstract
We analyze the impact of short selling constraints in a setting in
which there is uncertainty about the amount of informed traders. We
show that price converges to the fundamental value if informed traders
do not face signi cant short selling restrictions. In contrast, when
short sellers face large costs, the prices may remain bounded away
from fundamentals even when there are arbitrarily many informed
traders with noisy private signals. In this case, long run equilibrium
prices are determined by (i) the ratio between buy and sell orders; and
(ii) prior beliefs. We then analyze a richer framework, where we show
that not only rational expectation equilibrium prices do not converge
to the fundamental, but also they are path dependent: the equilibrium
price will depend on the speci c sequence of buy and sell orders (in
other words, on a random component).

1

Introduction

During the recent nancial crisis, short sales came under attack as a potential
source of destabilization. In 2008 both the SEC in US and the FSA in UK
prohibited short-selling on speci c companies, in order to stabilize their market price. In December 2008, however, the SEC Chairman Christopher Cox
released an interview where he admitted he regretted using the short-selling
We would like to thank Harjoat Bharma and seminar participants at the Stockholm
School of Economics and the UBC Summer Symposium.
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ban, saying that \preliminary ndings point to several unintended market
consequences and side e ects caused by the ban".1 In Europe there has been
a recent history of trying to ban or regulate short-selling (or sometimes only
naked short-selling). Although these are examples of temporary bans introduced for extreme circumstances, which is not what we will discuss in this
paper, they are symptomatic of the current debate: while governments and
regulators are seeing short-sales with suspicion, markets claim that shortsales help liquidity and price discovery.
The academic literature has focused on whether short sales restrictions
hinder or not price discovery. The argument in favor of short-sales is that it
allows investors who have a pessimistic view on a stock but do not own that
stock, to trade it anyway. Therefore, constraining short-sales will bias the
price. For example, in the US it is not allowed to short a stock for a month
following an IPO, and many people, starting with Miller (1977), have argued
that this is one reason why we observe prices rising so much after an IPO
(see for example, Aggarwal, Krigman and Womack (2003)). On the other
hand, all the papers that have modeled this phenomenon to show that prices
are biased upwards, such as Hong and Stein (2009), have all relied on some
form of myopia on the investors side. On the opposite hand of the spectrum,
Diamond and Verrecchia ((1987) have shown that in a fully rational model
prices will converge to the fundamental value even in presence of a short-sale
ban. Prices may converge more slowly, but there is no long term e ect on
the market price.
This paper shows that short-sales constraints may a ect long run prices
even when investors are fully rational and everybody uses all the information
to fully update their beliefs about the value of the fundamentals. We will
show two e ects: we start from a basic model (very similar to Diamond and
Verrecchia) where the fundamental value can be either 0 or 1 and we nd
the conditions under which the rational expectation equilibrium prices do
not converge to the fundamental values, they will instead converge to a value
that is determined by (i) ratio between buy and sell orders; and (ii) the initial
priors of the model. We then introduce a more complex model (where the
fundamental can take three values) and we show that there exist situation
in which the rational expectation equilibrium price not only can be di erent
from the fundamental, but it will also depend on the speci c realization of
1
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the sequence of buy and sell orders. In other words, the price cannot be
predicted even if we know the priors but it will be path dependent. These
results show that the e ect of short-sales constraints is more di cult to assess
than one may have expected, and may also depends on random outcomes.
We start from Diamond and Verrecchia (1987) model and introduce one
new feature: there is uncertainty on the number of informed traders. This
seems a very reasonable assumption: even if one knew all the existing institutional investors, they are not following all the stocks, and therefore one
does not know how many investors informed there are for a speci c stock.
This simple and realistic feature turns out to be very powerful: we can show
that in such case, as long as the signal observed by the informed investors is
not too precise, signi cant short selling constraints will not allow prices to
converge to the fundamental value. The intuition for this result is simple: in
models like Diamond and Verrecchia (1987) market makers know how many
informed investors there are: by observing how many investors are buying
and how many are selling, they can also gure out how many would be short
selling if there were no constraints. Therefore, the information that these
informed investors have will ultimately be incorporated in the price. But
if market makers do not know how many informed investors could potentially be trading, then such inference becomes more di cult and not all the
information may end up being incorporated in the prices.
Another way to state the contribution of this paper is that we show that
if the uncertainty the market faces is multi-dimensional, then the prices may
converge to levels that are determined by prior beliefs (or initial conditions
in case of price setting such as IPOs). Therefore, fundamental values may
have no impact even though there are multiple (in fact, arbitrarily many)
informed traders who have private information about fundamentals. Note
however that multi-dimensional uncertainty in our setting is a necessary but
not su cient condition: if short sales are not costly, prices will eventually
converge to the fundamental even with multi-dimensional uncertainty.
We show that short-sales constraints may lead to prices biased both upwards or downwards. In the basic model, given the parameters of the model,
we can perfectly predicts the bias, but for di erent parameters the bias can
be upwards or downwards. Thus the intuition that in presence of short-sales
constraints prices will be biased upwards is not true when everybody is rational. This is very intuitive: if everybody knows prices will be biased upwards,
rational agents will adjust prices downwards. When there is no additional
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uncertainty, as in the Diamond and Verrecchia (1987) model, they will adjust
correctly in the long run and the price will not be biased, while in presence
of additional uncertainty as in our model they may both over or underadjust.
The fact that prices may be biased in both directions may also explain the
di erent results the empirical literature has had in testing for the e ects of
short-sales constraints. If prices are not biased systematically upwards, there
is no reason to expect a statistically signi cant movement in the prices when
short sales constraints are removed or added. This conclusion is strengthened
in the more complex model, when there is also a random component in the
price.
Although we show that prices can be biased both upwards and downwards, part of the original intuition still holds, since the model is not symmetric: the price is more likely to be biased when the fundamental value is
low. In fact, when the fundamental value is low, that is when short sales constraints are most likely to be binding and thus when agents are most likely
to underestimate the number of people who are short sales constrained.
We only focus on equilibrium long run prices and therefore have nothing
to say about short-run phenomena. In particular, this paper does not study
whether it may be optimal to impose bans on short-sales to avoid crisis in
the short run. Similarly, we do not study the role of short sales constraints
in bubbles formation. Other papers derive conditions for bubbles to arise
when there are short sales constraints (see, for example, Harrison and Kreps
(1978)). Allen, Morris and Postlewaite (1993) show that necessary conditions
for a bubble to arise are that (1) each agent must be short sale constrained in
the future with some positive probability and (2) agents' trade is not common
knowledge. We do not focus on whether temporary bubbles may emerge, but
on whether in the long run the price will converge to the fundamental. Bai,
Chang and Wang (2006) introduce risk aversion and show that short sales
constraints may actually lead to prices below the fundamental value. The
intuition is that if prices do not aggregate all the information then trading
these assets is riskier, and thus their price will decrease.
In the next section we brie y discuss the related literature and the existing
empirical evidence on short-sales and the e ects of constraints on short-sales.
In Section 3 we then introduce our basic model, where the value of the
underlying asset can take values 0 or 1. We start analyzing what happens
when there are no short-sales constraints at all and show that in such case
prices convergence to the fundamental value. We then introduce a small
4

constraint (in the form of a cost to short sell) and nally a large cost
e ectively totally banning short sales. We show that when large costs are
introduced the price does not converge to the fundamental value. In Section
4 we then extend the model in the sense that the underlying asset can take 3
values: 0, 1 and 2. We derive a similar result to the central one in Section 3
(the no-convergence result) and then show some examples in which the price
is path dependent. Section 5 concludes.
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Related Literature and Empirical Evidence

There is a very large literature, mostly empirical, on short selling. As already
mentioned in the Introduction, most of the theoretical models who show that
short sale constraints a ect prices in equilibrium have some myopic component where the optimistic investors do not fully update for the absence of
the pessimistic ones, due to the short sale constraints (see for example Miller
(1977) and Du e, Garleanu and Pedersen (2002)). Rational expectations
models as in Diamond and Verrecchia (1987) predict instead that the longrun equilibrium prices will not be a ected by short sale constraints.
Several empirical papers show that short sellers are well informed and
that they earn excess returns (see, among others, Cohen, Diether and Malloy
(2005), Desai, Krishnamurthy and Venkataraman (2006), Boehmer, Jones
and Zhang, (2008a), Diether, Lee and Werner (2009) and Boehmer and Wu
(2012)). This is consistent with prices not incorporating all the available
information. Moreover, Karpo and Lou (2011) show that investors shortsell shares which are later found guilty of nancial misrepresentation. They
nd that short-sales helped reduce the price in ation due to the earnings
misstatements: Such information would not have been incorporated in the
prices if it were not for short-sellers. However, all these papers show the
important role played by short sales and that short-sellers are informed, but
do not analyze the impact of short sale constraints (in other words, they do
not show what would happen in a world with or without constraints).
Some papers have been linking e ects to the presence of short sale constraints. Nagel (2005) argues that stock with low institutional holdings are
the ones where the short-sale constraints are most likely to be binding and
nds that indeed there are the stocks showing return anomalies. Bris, Goetzmann and Zhu (2007) study 46 equity markets around the world with dif5

ferent degrees of short sales restrictions and nd that short sales constraints
reduce market e ciency. Sa and Sigurdsson (2011) use the lending supply
as a proxy for short-sales constraints. They nd not only that short sale constraints reduce price e ciency, but also that lower constraints are associated
with a greater degrees of negative skewness and fewer occurrences of extreme
price increases, but no link with price decreases.
A series of recent papers have used recent regulation changes and bans
during the crisis to assess the e ect of short sales constraints. Boehmer,
Jones and Zhang (2012) and Pagano and Beber (2013) study the e ects of the
2008 and 2009 bans on short sales. Both papers nd that the bans brought a
deterioration of market quality. Boehmer, Jones and Zhang (2008b) however
study a change in the SEC regulation that reduced the cost to short sell (the
uptick rule). Since for some stocks the uptick rule had already been removed
on a trial phase, they can look at the e ect on the prices of the shares
that were a ected by the regulation change and compare it to the e ect on
the prices of the shares that were not a ected, but do not nd signi cant
di erence between the two sets of shares. Similarly, Kaplan, Moskowitz and
Sensoy (2012) use a randomized experiment to study the e ect on prices of
a change in the cost of short-selling and nd no evidence consistent with
overpricing.
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The Model

Our model follows Glosten and Milgrom (1985) and Diamond and Verrecchia
(1987). There are two assets that traders may own. These two assets are
ex-ante identical in terms of distribution of fundamental values, fraction of
informed traders that may trade, etc. Fraction 2 (0; 1) of traders owns
asset 1 and 1
owns asset 2. In our analysis we will focus and analyze
what happens to asset 1 only. This is without loss of generality, since asset
2 analysis would be exactly symmetric.2
2

To be precise, Glosten and Milgrom (1985) and Diamond and Verrecchia (1987) have
one asset only. However, our results do not depend on having two assets, we could obtain
the same results with one asset (and in fact we are focusing on one asset only). The reason
we introduce two assets is that it is more natural to think that every trader owns some
asset. Moreover, it will make more natural to discuss the implications of short-selling
constraints, as it will be clearer later.
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Each asset has a fundamental value v 2 f0; 1g, where Pr(v = 1) = . The
market makers are risk-neutral and face no inventory costs or constraints.
There is also a continuum of risk neutral traders that can be of two types:
liquidity (or noise) and informed. The fraction 2 [0; 1] of all traders is informed, i.e., fraction 1
of traders are liquidity traders. Informed traders'
only private information is that each informed trader, i, receives an independent (conditional on v) signal si 2 f0; 1g; Pr(si = 1jv = 1) = Pr(si =
0jv = 0) = 2 ( 21 ; 1). The posterior belief of a trader with a high signal is
(v = 1jsi = 1) = +(1 )(1 ) > .
In line with Glosten and Milgrom (1985), each trader can trade only one
unit of asset 1. Note that our results do not depend on the single trade size
assumption and we can handle multiple trade sizes easily.3
In this standard model we introduce an additional element of uncertainty:
the fraction of informed traders is not known. We assume instead that
f ( ) > 0 for all 2 [0; 1] is the probability density function of . This is
the key di erence between our setting and Glosten and Milgrom (1985) and
Diamond and Verrecchia (1987).
A half of the liquidity traders buys and the other half of them sells an
asset, i.e., liquidity shock is symmetric (this assumption is only for simpli cation). If a liquidity trader needs to buy, he will buy one of the two assets,
we assume that a liquidity trader buys asset 1 with probability .4 If instead
the liquidity trader needs to sell, in absence of short selling costs he is absolutely indi erent between selling the asset he owns and short selling. We
assume that he sells asset 1 with probability .5
The period is denoted by t 2 f1; 2; :::; T g. Market makers are competitive
and uninformed: following Glosten and Milgrom (1985) they set prices such
that in each period they make zero pro t. They post bid and ask prices for
one share, then the traders decide whether they would like to trade. And
3

If there are multiple trade sizes, then the informed trader maximizes his pro t. In
equilibrium, he may be indi erent between di erent trade sizes and plays a mixed strategy.
4
An alternative assumption would be to assume that when the noise traders need to
buy they will buy the asset they do not own already, for example for hedging reasons.
This makes the analysis more cumbersome but ultimately delivers the same results.
5
For our main result, it is not necessary for the liquidity trader to buy or sell asset 1
with the same probability. However, using probability for both buying and selling avoids
introduction of additional notation.
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the nature picks one trader (out of all the traders who are willing to trade).6
One unit trade takes place at the posted price. Let H t stand for all of the
publicly available information at the beginning of period t and ht 2 f 1; 1g
is the order in period t. Therefore, the ask price is At = Pr(v = 1jH t ; ht = 1)
and bid price is Bt = Pr(v = 1jH t ; ht = 1).
Our aim is to determine the value to which the price will converge as the
number of trades observed becomes in nitely large, i.e. as t ! 1. As a
rst step, we want to show that in the absence of short selling constraints
prices converge to the fundamental value. In order to determine that, we
rst determine the optimal strategy of an informed trader in Lemma 1.
Lemma 1 An informed trader always wants to trade and he buys if and only
if si = 1.
The proof is immediate and is omitted. Given the informed and noise
traders' trading strategies, the fraction of buy orders converges to a level
determined by the fundamentals. Let qv stand for this level, where v 2 f0; 1g.
Finally, let Pt denote the he price of the asset at time t, in other words Pt is
the conditional expectation of the asset's value at time t, given all the public
information. Pt can also be de ned as the probability that the true state of
nature is v = 1, as long as v 2 f0; 1g. We are now able to determine what
Pt converges to as t ! 1.
Proposition 2 In the absence of short selling constraint the price Pt converges to v as t ! 1.
Proof. First note that 1 (1

)(1

) fraction of traders would like to trade
+

(1

)

2
asset 1. Therefore, the fraction of buy orders converges to q1 = 1 (1 )(1
)
as t gets arbitrarily large if v = 1. Similarly, the fraction of buy orders
(1

converges to q0 =

)

(1 )+ 2
1 (1 )(1 )

if v = 0. Note that

q1 ( = 0) = q0 ( = 0) =

1
2

6
Note that an outcome of no trade is possible only when there are no traders who
would like to trade. Alternatively, we can allow the market makers to observe the fraction
of traders who do not trade by allowing nature to pick these traders. Our results hold as
long as there is residual uncertainty about the type of the trader who prefers not to trade.
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Next, we di erentiate both q1 and q0 with respect to
0
0 > @q
for all 2 [0; 1]:
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@
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)(1

(1

)(1
(1 (1
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and show that
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2
)(1
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+

(1

)

)
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2

@q1
@

>

> 0 . Similarly,

)(1
(1 (1

)) (1
)( (1
2
)(1
))

)
2

)

0
Simplifying leads to @q
= 2( (2+ 1) )2 < 0. Therefore, we have q1 > 12 >
@
q0 for all 2 (0; 1). Consequently, whenever the market maker observes a
convergence to q > 21 he concludes that v = 1 and similarly he concludes that
v = 0 whenever he observes a convergence to q < 12 . Therefore, although the
market makers do not know the realization of , in the long run they observe
di erent fraction of buy orders depending on whether the true value v is 0
or 1 and thus learn the true value of v.
Although we introduced multi-dimensional uncertainty, in absence of
short sales constraints this is not enough and the price is still converging
to the fundamental value as in Diamond and Verrecchia (1987). That is because without short sales constraints all investors are trading and therefore
it is easier to learn over time how many are the informed investors.

3.1

Introducing minimal constraints on short selling

In the previous section we assumed that there is no cost in short-selling.
However, in real life traders have to borrow the underlying share and therefore
bear a cost. This is equivalent to assume that short-selling involves a small
cost. In such a situation, liquidity traders will never short sell asset 1,
because they can always sell the asset they own (asset 2) at 0 cost. Note
that in Diamond and Verrecchia (1987) there is only one asset, and they
assume that liquidity traders short sell if there are no constraints and do not
short sell at all if there are constraints. In our context, with two assets, it is
easier to justify why noise traders do not short-sell, even with an cost.
The arbitrarily small cost, , however, will not deter an informed trader
from short selling and thus we can show in the next proposition that even in
this situation the price will still converge to the fundamental value.
9

Proposition 3 In the absence of short selling constraints on the informed
traders (or if short selling costs are arbitrarily small) the price Pt converges
to v.
Proof.
First the liquidity traders: A fraction (1
)(1
) of traders
are liquidity traders who does not own asset 1. Among these half of them,
)
, will sell an asset. However, given that they do not
i.e., fraction (1 )(1
2
own the asset 1, they will not trade asset 1. The other half, i.e., another
)
fraction (1 )(1
, will buy an asset. But (1
) of these will buy as2
set 2. Therefore, due to noise traders who do not own asset 1, fraction
(1 )(1 )
(1 + (1
)) of traders will not trade asset 1. Similarly, the frac2
tion (1
) of traders are liquidity traders who owns asset 1. Half of these,
i.e., (1 2 ) , will buy an asset. But (1
) of these will buy asset 2. There(1 ) (1 )
fore, the fraction
of traders will buy asset 2. In sum, fraction
2
(1 )(1 )
(1 + (1
) + p) of traders are noise traders who will not trade
2
(1 )(1 )
asset 1. Note that
(1 + (1
) + ) simpli es to (1
)(1
).
2
Next, we consider the informed traders starting with the v = 1 case.
For su ciently small arbitrarily large fraction of informed traders buy.
Therefore, for su ciently small , as t gets arbitrarily large the fraction of
(1

)

+ 2
if
1 (1 )(1 )
(1
)
(1 )+
q0 = 1 (1 )(1 2 )

buy orders converges to q1 =

v = 1. Similarly, the fraction of

if v = 0. The rest of the proof
buy orders converges to
follows immediately from proof of the previous proposition.

3.2

Signi cant Short Sale Constraints

To keep the analysis simple we will impose the most extreme constraint and
rule out short selling by imposing a cost equal to 1. (For our results to hold,
the constraint must prohibit a su ciently large fraction of the informed short
selling.) We will show in the next proposition that if the signal observed by
the informed traders is not too high then the price will not converge to the
fundamental value.
Let us rst consider the v = 1 case. A fraction (1
)(1
) of traders
are informed traders who received a signal that the value of the shares is 0
and would like to sell asset 1 but cannot sell it since they do not own a share.
Moreover, from the previous subsection we know that fraction (1
)(1
)
of traders are liquidity traders who will not trade asset 1. Therefore, 1
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(1
)(1
) (1
)(1
) = 1 (1
)[ (1
) + (1
)] is the fraction
of traders who would like to trade asset 1. Similarly, the fraction of traders
that would like to trade when v = 0 is 1 (1
)[ + (1
)].
If v = 1, then the fraction of buys (out of all trades) q1 converges to
(1

+
)[ (1

1 (1

)
2

)+(1

)]

. Similarly, if v = 0 then the fraction of buys (out of all
(1

)+

(1

)

trades) q0 converges to 1 (1 )[ +(12 )] .
Now let us look at the problem from the point of view of the market
makers. They observe that the fraction of buys is converging to q 2 (0; 1).
+

(1

)

Let q1 stand for the solution of 1 (1 )[ (1 2 )+(1 )] = q. Therefore, q1 is the
fraction of traders who are informed that would lead to a fraction q of buy
orders when v = 1. Similarly, we de ne q0 . Then the price converges to
f ( q1 )
Pr( 1 =q)
=
. As we show below,
Pr(v = 1jq) = Pr( 1 =q)+(1
q
) Pr( 0 =q)
f ( 1 )+(1 )f ( q0 )
as long as the informed traders are not too \informed" then prices may never
converge to v.
Proposition 4 Assume short selling is not allowed. Then, if the precision
of the informed traders' signal is su ciently high, > (1+1 ) , then the price
always converge to v. Otherwise, if (i) v = 0; or (ii) v = 1 and
+
1
; then prices never converge to v. In those cases, the price converges
1 3 +
f(

to

f(

q
1 )+(1

q
1)

)f (

q
0)

.

Proof. We start our argument with by analyzing the functions q1 and q0 .
First note that
q1 ( = 0) = q0 ( = 0) =

2

1

(1

)

=

1
2

and
q1 ( = 1) =

1

(1

)(1

)

> q0 ( = 1) =

1
1 (1

)

>0

Next, we di erentiate both q1 and q0 with respect to and rst show that
@q1
0
> 0 for all 2 [0; 1]: Second, we will show that either @q
> 0 for all
@
@
@q0
2 [0; 1] or @
0 for all 2 [0; 1]:
(
@q1
=
@

2

)(1

(1

)[ (1
(1 (1

) + (1
)]) (1
) (
2
)[ (1
) + (1
)])
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+

(1

)
2

)

Simplifying leads to
(1
@q0
=
@

2

)(1

@q1
@

=

2(1 (1

(1

(
+ )
)[ (1 ) (1

)[ + (1
(1 (1

)])
)[

)])2

> 0 since

(1
+ (1

)(1
)])2

> 12 . Similarly,
)( (1

)+

(1

0
= 2(1 (1 (1 )[ (1) )])2 . Note that the sign of the
Simplifying leads to @q
@
0
numerator determines the sign of @q
. Furthermore, the numerator does not
@
@q0
0
depend on . Therefore, either @ > 0 for all 2 [0; 1] or @q
0 for all
@
1
2 [0; 1]: Solving 1
> 0, leads to < (1+ ) . The condition < (1+1 )
1
> 21 . Consequently, if
< (1+1 ) whenever market
implies that 1 (1
)
maker observes the fraction of buy orders, q, converging to an element of ( 21 ;
1
), he cannot determine the state of the world. Then price converges
1 (1 )

f(

q

)

to Pr(v = 1jq) = f ( q )+(1 1 )f ( q ) .
1
0
It is immediate that, if < (1+1 ) and v = 0 then prices never converge
to v. And similarly if < (1+1 ) and v = 1 then there exists an upper bound
on such that for lower value of the prices will not converge to v. This
+

(1

)

1
upper bound is the solution of 1 (1 )[ (1 2 )+(1 )] = 1 (1
. Therefore, the
)
1
1
1
. Thus, if we have v = 1, < (1+ ) and
upper bound is 3
1
3
1
then prices never converge to v.
The intuition of this result is the following. The price will not converge
when the orders observed could arise both when v = 0 or v = 1. In such case,
the market makers who observe these orders cannot determine which is the
fundamental value. Consider the case where is very small: this is a case
in which the condition for convergence to the fundamental value, > (1+1 ) ,
is not satis ed. Let us look at the fraction of buy orders when v = 0 and
is high: although the fundamental value is low, there are a lot of informed
investors (and remember we are in the case in which the informativeness
of the signal is not too high, so many of them will have observed a high
signal) and thus the number of buy orders can be quite high. Consider now
the fraction of buy orders when v = 1 and is low: although the informed
investors are buying, there is very few of them (and the noise traders are only
buying with probability , which is low) and thus in the end the fraction of
buy orders for the case of v = 1 and low is not necessarily higher than for
the case of v = 0 and high. In other words, it is possible to nd values of
for which the fraction of buy orders is the same both for v = 0 or v = 1
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)
2

)

and the market makers cannot determine whether v = 0 or v = 1. Let us
now look at the fraction of sell orders. A small means that only a small
fraction of informed traders own asset 1. Since informed traders cannot short
sell, only those who own asset 1 can sell it, and there are not many of them.
Thus there will be not a lot of di erence in the sell orders between the case
of v = 0 and v = 1 and it will be even easier to nd values of such that
the fraction of sell orders will be the same whether v = 0 or v = 1.
One thing that should come clear from the intuition is the importance
of the uncertainty about . It is because the market makers do not know
that they cannot distinguish between orders in the cases of v = 0 and v = 1.
This is exactly the intuition we gave in the introduction: once we introduce
uncertainty about how many informed investors are around, it is much more
di cult to update just by observing the orders in the market.
Note also that every period the market makers are updating their priors
not only about v but also about . We show in the following corollary that
when the prices do not converge to the fundamentals is also the case in which
market makers never learn about .
Corollary 5 If the precision of informed traders' signal is su ciently low,
1
1
, then for any fraction of buy orders q
the market mak(1+ )
1 (1 )
ers can never learn completely. In particular, the distributionq on conf( )
verges to a binary distribution where limt!1 Pr( q1 ) = f ( q )+(1 1 )f ( q ) and
limt!1 Pr(

q
0)

=

(1 )f ( q0 )
f ( q1 )+(1 )f (

1

q
0)

0

.

Proof. For any given fraction of buy orders there could be at most two
di erent fractions of informed traders. In particular, if we observe q fraction
of buy orders and v = 1 then must be q1 . Similarly, if we observe q fraction
of buy orders and v = 0 then must be q0 . Therefore, as the fraction of buy
orders converge to q then the posterior beliefs about the fraction of informed
traders converge to a binary distribution.
One important implication of the Proposition 4 is that in presence of
short-sales bans prices can be biased both upwards or downwards, depending
on what are the parameters' values. This is easy to see: given that P has to
be in the interval [0; 1], when the price does not converge to the fundamental
it will be necessarily biased upward if the true value is 0 and downward if the
true value is 1. Thus the general intuition that short sales constraints bias
prices upwards is not true. The intuition is the following. A short sale ban
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will not allow people with negative news to trade. However, market makers
know that and will adjust the price according to their priors. If they believe
there may be more short-sale constrained people than there actually are, they
may over-adjust, and the price will be biased downwards. Thus there may be
an over- or under-adjustment depending on what their priors are relative to
the true values of and v (in other words, given di erent parameters value
we will nd a di erent bias). Therefore, the con icting results described in
Section 2, where some papers found an e ect of short-sales constraints while
other papers do not, are not anymore surprising. Those papers were looking
for evidence that short-sales constraints led to overpricing. But in the context
of this model, di erent stocks will have di erent priors and parameters value,
thus some stocks will be overvalued and other stocks will be undervalued.
When we look for an e ect on the prices for the aggregate of all stocks, there
is no reasons why we should necessarily nd a statistically signi cant e ect.
A related point is that the likelihood of mispricing due to short sale
constraints is higher if the fundamental value is low. This is due to the fact
that when v = 0 the prices may fail to converge to v for any realization of
the amount of informed traders whereas prices converge to the v when v = 1
and the fraction of informed traders is su ciently large.
Finally, note that as the ownership of asset 1 ( ) increases, it is easier
to achieve convergence to the fundamental. This is why as increases it is
more likely that people who want to sell asset 1 actually own it, so short
sales constraints are less binding.

4

Multiple Values

Our most striking result in the previous section is that short selling constraints may prevent prices from converging to the fundamental value in
spite of having arbitrarily many informed traders. However, even in such
cases, the price converges to a level that is characterized by the parameters
of the model with no room for a stochastic outcome. To see this, rst note
that the price is calculated by market makers who use prior beliefs and gure out likelihood of v = 1. In the learning process, market makers update
simultaneously about v and having observed a sequence of buy-and-sell
orders. However, in the long run what matters is not the speci c sequence
of buy-and-sell orders. Instead, in the long run what matter is the ratio be14

tween buy and sell orders. And this ratio is determined by the fundamentals
and the distribution on information technology, type of traders and liquidity
trading. In this sense, if an economist knows both realization of fundamentals, v and , and the prior beliefs, she can perfectly forecast the long run
equilibrium price. In other words, the long run equilibrium price is not path
dependent.
A natural question is what happens if the fundamental value can take
more than two values, say v 2 f0; 1; 2g. This adds an additional complication
to our analysis. In particular, the likelihood of having a buy or sell order
depends on the price. To see this consider a fully symmetric information
structure, i.e. the signal precision is constant across v and E[vjs = 2] > 1 =
E[vjs = 1] > E[vjs = 0]. When the price is between 0 and 1, an informed
trader will buy as long as his signal is s = 1 or s = 2 whereas an informed
trader with signal s = 0 will sell. On the other hand, when the price is
between 1 and 2, an informed trader will buy only if he has s = 2 signal.
So a buy order is more likely to come from an informed trader when the
price is less than 1 with respect to the case when the price is greater than
1. Consequently, the learning process is not identical for the market makers
across these two intervals.
With this richer fundamental value space, our main result that short
selling constraints may prevent prices from converging to the fundamental
value still holds. More strikingly, the long run equilibrium price depends
on the sequence of buy-and-sell orders. For example, when there are many
sell orders at the beginning of trading, the price may move into the (0; 1)
interval and remain in that interval so that the long run equilibrium may
converge to a level in this interval independently of v. However, when there
are several buy orders at the beginning of trading, the price may move to the
(1; 2) interval leading to a di erent learning process for the market makers
and leading to a di erent convergence. Therefore, long run equilibrium prices
can be stochastic and in particular depend on the realization of orders in the
short run.
In the remainder of this section we will formally prove these observations.
Given that our main objective is to show path dependence, we will focus on
a simple information structure and identify two di erent sequences of orders
that lead to di erent long run equilibrium prices. In particular, we will
identify two extreme paths that will simplify our arguments. However, before
we proceed we formally extend our model to the multiple values setting.
15

Each of the two assets has a fundamental value v 2 f0; 1; 2g, where
Pr(v = k) = k . For simplicity, we impose uniform priors, i.e., i = 31 .7
Each informed trader, i, receives an independent signal (conditional on v)
si 2 f0; 1; 2g; Pr(si = kjv = k) = 2 ( 21 ; 1), and Pr(si = kjv 6= k) = 1 2 .8
Consequently, the posterior belief of a trader with signal k is (v = kjsi =
k) = and (v 6= kjsi = k) = 1 2 for all k. All other features of the model
are identical to those in Subsection 3.2. We will now derive a series of results
which are immediate and thus proofs will be omitted.
Lemma 6 The rst period bid price will be below 1 and the ask price will be
above 1: In the rst period an informed trader with a signal si = 2 will buy
and an informed trader with a signal si = 0 will sell while an informed trader
with signal si = 1 will not trade.
The above observation is immediate from the facts that (i) the expected
value given prior beliefs is 1; and (ii) the expected value conditional on signal
si = 0 (si = 2) is smaller (greater) than 1.
The next result follows from the fact that the expected value can never
increase after observing a sell order.
Lemma 7 There exists t0 such that for all t^ > t0 , if ht =
then both At^+1 and Bt^+1 will be in the (0; 1) interval.

1 for all t

t^

Similarly, we have the symmetric result as well:
Lemma 8 There exists t0 such that for all t^ > t0 , if ht = 1 for all t
both At^+1 and Bt^+1 will be in the (1; 2) interval.

t^ then

In the next proposition, we extend our main result to this setting, i.e.,
prices may never converge to the fundamental value when there are signi cant
short sale constraints.9 We use the two paths highlighted in Lemmas 7 and 8
to show two cases where prices may not converge to the fundamental values.
7

The assumption of uniform priors will keep the notation as lean as possible.
This speci c information structure simpli es the terms and yet is su cient to exhibit
path dependence.
9
In the Appendix, we show that in the absence of any short selling constraint, the price
converges to the fundamental value.
8
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Proposition 9 If f is an increasing function and the precision of the informed traders' signal is su ciently low < (1+1 ) , then there exists a se3f (

q

)

quence of buy and sell orders such that price converges to f ( q )+2f2 ( q ) < 1
0
2
independent of v in one sequence. Similarly, if f is a decreasing function
1
and the precision of the informed traders' signal is su ciently low < (1+
,
)
then there
exists
a
sequence
of
buy
and
sell
orders
such
that
price
converges
f ( q )+2f ( q )
to 2f ( 0 q )+f ( 2q ) > 1 independent of v.
0

2

Proof. To prove the proposition we just need to nd two sequences such
that the two statements in the proposition are true. Thus, we start by
considering a sequence beginning with su ciently many sell orders. Using
Lemma 7, this implies that transaction prices will initially be between 0 and
1. We assume that the transaction prices will always remain between 0 and
1 and then characterize the su cient conditions for it to hold.
If the price remains between 0 and 1, all the informed investors who
observed a signal that the value of the shares is 2 or 1 will want to buy, and
those who observed a signal that the value of the shares is 0 will want to
sell. Since the probability of observing these signals depends on the value
of the fundamental, we need to consider each value of the fundamental as a
separate case. Let us rst consider the v = 2 case. A fraction (1
)( 1 2 )
of traders are informed traders who received a signal that the value of the
shares is 0 and would like to sell asset 1 but cannot sell it since they do
not own a share. Moreover, from the proof of Proposition 3, we know that
fraction (1
)(1
) of traders are liquidity traders who will not trade asset
)(1 ) = 1 (1 )[ ( 1 2 )+(1
)] is
1. Therefore, 1
(1 )( 1 2 ) (1
the fraction of traders who would like to trade asset 1. Similarly, the fraction
of traders that would like to trade when v = 1 is 1 (1
)[ ( 1 2 ) + (1
)]. Finally, the fraction of traders that would like to trade when v = 0 is
1 (1
)[ + (1
)].
If v = k for k 2 f1; 2g, then the fraction of buys (out of all trades) qk
converges to

( 1+
)+
2

1 (1

)[ (

(1

1

2

)

2

)+(1

)]

. Similarly, if v = 0 then the fraction of buys
(1

)+

(1

)

(out of all trades) q0 converges to 1 (1 )[ +(12 )] . Note that q0 is exactly the
same function q0 as we used in the proof of Proposition 4 (while the function
qk is di erent).
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First note that for k 2 f1; 2g
qk ( = 0) = q0 ( = 0) =

2

1

(1

)

=

1
2

and
qk ( = 1) =

1+
2

1

(1

)( 1+2

> q0 ( = 1) =

)

(since > 21 .
Next, we di erentiate qk with respect to
all 2 [0; 1]:
( 1+ 2
@q2
=
@

)(1

(1

1
1 (1

)

and rst show that

)( ( 1 2 ) + (1
))) (1
1
(1 (1
)( ( 2 ) + (1

>0

@qk
@

> 0 for

)( 1+2 )( ( 1+2 ) +
)))2

(1

)
2

Note that the denominator is always positive and simplifying the numerator
k
+
+ 1) > 0 implying that @q
> 0. Recall that we
leads to 14 (
@
0
already know from the proof of Proposition 4 that if < (1+1 ) , then @q
>0
@
1
for all 2 [0; 1]. Consequently, if < (1+ ) whenever market maker observes
1
), he
the fraction of buy orders, q, converging to an element of ( 12 ; 1 (1
)
cannot determine the state of the world.
Now that we showed that in this case the price does not converge to the
fundamental value, we want to show to what price it will converge. Let qk
stand for the solution of
q
k

( 1+
)+
2

1 (1

)[ (

(1

1

2

)

2

)+(1

)]

= q, where k 2 f1; 2g. Therefore,

is the fraction of traders who are informed that would lead to a fraction q of
buy orders when v 2 f1; 2g. Similarly, we determine q0 . Then the posterior
f( q )
beliefs converge to Pr(v = kjq) = f ( q )+f ( kq )+f ( q ) . Therefore, the price con0
1
2
verges toq the expected
value
of
v,
conditional
on
observing q, which is equal
f ( 1 )+2f ( q2 )
to f ( q )+f ( q )+f ( q ) . However, recall that for our arguments to hold the price
0

1

2

f(

q

)+2f (

q

)

1
2
has to be in the (0; 1) interval. Therefore, we must have f ( q )+f
<1
( q1 )+f ( q2 )
0
q
q
q
for not having price converge to v. Note that f ( 1 ) = f ( 2 ) since 1 = q2 .
3f ( q )
Therefore, last inequality becomes f ( q )+2f2 ( q ) < 1, which can be rewritten
0
2
q
q
q
as f ( q2 ) < f ( q0 ). Given that q2
,
f
(
)
0
2 < f ( 0 ) is satis ed by f that is
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)

an increasing
function. Thus, as long as f is an increasing function we must
3f ( q2 )
have f ( q )+2f ( q ) < 1.
2
0
It is immediate that, if < (1+1 ) and v = 0 then prices never converge to
v. And similarly if < (1+1 ) and v = 1 then there exists an upper bound on
such that for lower value of the prices will not converge to v. This upper
bound is the solution of

)+
( 1+
2
1 (1

)[ (

(1

1

2

)
2

)+(1

)]

=

1
1 (1

. Therefore, the upper

)
1
(1+ )

1
and
then
bound is 1 (2 ) . Thus, if we have v 2 f1; 2g, <
(2 )
prices never converge to v.
We now want to prove the second part of the proposition, so we choose
a di erent sequence, where the price will again not converge to the fundamental, but will converge to a price which is di erent from the case we just
analyzed. Therefore, we consider a sequence in which there are su ciently
many buy orders initially. So we rst suppose that prices remain always
between 1 and 2 and then characterize the su cient conditions for it to hold.
Let us rst consider the v = 2 case. A fraction (1 )(1 ) of traders are
informed traders who received a signal si 2 f0; 1g and would like to sell asset 1
but cannot sell it since they do not own a share. Moreover, from the previous
subsection we know that fraction (1
)(1 ) of traders are liquidity traders
who will not trade asset 1. Therefore, 1
(1
)(1
) (1
)(1
)=
1 (1 )[ (1
)+(1
)] is the fraction of traders who would like to trade
asset 1. On the other hand, when v = 1, the fraction of traders that receive a
signal si 2 f0; 1g and would like to sell asset 1 but cannot sell it since they do
)] is the
not own a share is (1 )( 1+2 ). Therefore, 1 (1 )[ ( 1+2 )+(1
fraction of traders who would like to trade asset 1. Similarly, the fraction of
)]. If
traders that would like to trade when v = 0 is 1 (1
)[ ( 1+2 ) + (1
v = k for k 2 f0; 1g, then the fraction of buys (out of all trades) qk converges

to

( 1 2 )+

1 (1

)[

(1

( 1+
2

)

2

)+(1

)]

. Similarly, if v = 2 then the fraction of buys (out of
+

(1

)

all trades) q2 converges to 1 (1 )[ (1 2 )+(1 )] . Note that q2 in this case is
exactly the same function as q1 in Proposition 4 and therefore we know from
2
the proof of Proposition 4 that @q
> 0 for all 2 [0; 1]:
@
Note that for k 2 f0; 1g
q2 ( = 0) = qk ( = 0) =
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2

1

(1

)

=

1
2

and
1

q2 ( = 1) =

1

(1

)(1

)

2

> qk ( = 1) =

1

)( 1+2 )

(1

>0

Next, we di erentiate qk with respect to :
(1
@qk
=
@

2

)(1

(1

)( ( 1+2 ) + (1
))) (1
1+
(1 (1
)( ( 2 ) + (1

)( 1 2 )( ( 1 2 ) +
)))2

(1

)
2

Note that the denominator is always positive and simplifying the numerator
1
k
leads to 14 ( + +
1). Therefore, if < 1+
, then @q
> 0 for all
@
1
2 [0; 1]. Consequently, if < 1+ whenever market maker observes the
fraction of buy orders, q, converging to an element of ( 12 ; 1

1

2

(1

)
)( 1+
2

), he

cannot determine the state of the world.
We now determine the price to which this sequence will converge. Let
stand for the solution of

( 1 2 )+
1 (1

)[

q
k

(1

( 1+
2

)
2

)+(1

)]

q
k

= q, where k 2 f0; 1g. Therefore,

is the fraction of traders who are informed that would lead to a fraction
q of buy orders when v 2 f0; 1g. Similarly, we de ne q2 . Therefore, price
f ( q1 )+2f ( q2 )
f ( q1 )+2f ( q2 )
converges to f ( q )+f
q
q . As long as
q
q
q > 1 we may have a
(
)+f
(
)
f
(
0
1
2
0 )+f ( 1 )+f ( 2 )
possibility of not having price converge to v. Note that f ( q0 ) = f ( q1 ) since
f ( q0 )+2f ( q2 )
q
q
0 = 1 . Therefore, last inequality becomes 2f ( q )+f ( q ) > 1, which can be
0
2
q
q
q
rewritten as f ( q2 ) > f ( q0 ). Given that q2
ed
0 , f ( 2 ) > f ( q0 ) is satis
f ( 0 )+2f ( q2 )
by f that is a decreasing function. Then price converges to 2f ( q )+f ( q ) . And
3f (

q

2

0

)

as long as f is a decreasing function we must have f ( q )+2f2 ( q ) > 1.
0
2
It is immediate that, if < (1+1 ) and v 2 f0; 1g then prices never converge
to v. And similarly if < 11+ and v = 2 then there exists an upper bound
on such that for lower value of the prices will not converge to v. This
(1

upper bound is the solution of

1 (1

+
)( (1

)

1

2

)+(1

))

=

2

1 (1

)
)( 1+
2

the upper bound is 5 1 (1+ ) 1 . Thus, if we have v = 2,
1
then prices never converge to v.
5
(1+ ) 1

. Therefore,
<

1
1+

and

Proposition 9 shows that along the paths highlighted in Lemmas 7 and
8 prices may not converge to the fundamental. However, it could be that
20

)

in both cases the prices will converge to the same price. This would mean
that the nal convergence price would depend on the initial conditions (such
as prior beliefs, liquidity, etcetera), but not on the speci c path undertaken.
Instead, the following proposition shows that the two paths will achieve convergence to two di erent prices. In particular, we give an example where the
value of the parameters and the prior beliefs are identical, but there exists
a sequence such that the price converges to the fundamental values and another sequence where the price converges to a value di erent from v. In other
words, the rational expectations long run equilibrium price depends on the
speci c path taken, besides all the other parameters.
Proposition 10 If
2 ( 11+ ; 1+1 ) and f is an increasing function, then
there exists two di erent sequences of orders such that in one the price will
converge to v and in the other the price will never converge to v.
Proof. Note that if there are many buy orders initially and yet > 11+ ,
then market maker can determine whenever v = 2. Therefore, when 2
( 11+ ; 1+1 ), there exists a sequence of buy and sell orders that starts with
many buy orders and lead to long run price converging to v whenever v = 2.
In contrast, in the rst part of the proof we established that the price never
converged to v for 2 ( 11+ ; 1+1 ) as long as there is an initial sequence of sell
orders.

5

Implications for IPOs

As mentioned in the introduction, in the period after an IPO it is extremely
di cult to take a short position. Therefore, the model in this paper has
important implications for IPOs. In this Section we discuss such implications.
A model that develops the speci c issues of IPOs is beyond the scope of this
paper.
The rst implication is that the price set by the underwriter at the IPO
has an e ect on the long run value of the shares. There is a large literature
on the IPO pricing and why the price may be set strategically. But most of
the literature focuses on how the underwriter may set the price in order to
in uence the share price in the rst days of trading. Especially in a rational
investors setting, the initial IPO price could not in uence the long run price,
when all information is revealed and the price is equal to the fundamental
21

value. This paper instead suggests that the IPO price could in uence the
long run price in two ways. First, if the initial IPO price in uences the prior
of investors on what the price is, this paper shows how the price will converge
to a value determined by the initial priors of the investors. Second, even if
the underwriter cannot in uence the investors expectations, the version of
our model where the fundamental can take more than 2 values shows that
the rational expectation price will be path dependent and thus will depend
(among other things) on the initial conditions.10
Another important implication is about the e ect of price stabilization.
It is well known that shortly after the IPO the underwriter may engage in
price stabilization. However, price stabilization can only take place for a
short period after the IPO. This paper shows that stabilizing the price even
for a short period may have permanent e ects on the long run price. In fact,
we showed in the previous section that learning will take place di erently
depending on the area where the price is. By doing price stabilization, the
underwriter can make sure that the price stays in the area which facilitate
the most positive learning.
The asymmetry highlighted above can also explains some of the abrupt
changes in the path we sometimes observe in IPOs (see, for example, Aggarwal, Krigman, and Womack 2002). If the price keeps changing through the
learning and suddenly moves from one area to another, then the path can
change in an abrupt way, because learning is taking place di erently.

6

Conclusion

We have shown that if we introduce uncertainty about the number of informed investors in the Diamond and Verrecchia model, convergence to the
fundamental is not achieved any more. Moreover, as we increase the number
of values the underlying asset can have, we show that the rational expectation
equilibrium price is path-dependent.
These results can help in the present debate regarding the optimality of
imposing constraints on short-sales constraints. Note also that the empirical
evidence shows that short-sales constraints can be relaxed by the use of
options or CDS. Given that options and derivatives are costly, this would be
10

One should keep however in mind that such implications will be valid only until there
are some constraints on short-sales.
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equivalent to moving, for example, from a situation in which short-sales are
banned, to one in which they are possible but costly (which is obviously a
milder constraint). Our model can be used in that framework to understand
the di erences, since we can show how convergence is achieved with a very
small cost, and then as the cost becomes large enough it is not achieved any
more. While at the moment we focus only on the two extreme cases (an
arbitrarily small cost and a cost so high that it is equivalent to a ban), our
analysis can be extended to look at various levels of costs.

23

7

Appendix

In this section, we focus on the model extension considered in Section 4 and
show that an analogue of Proposition 2 holds for the multiple value setting.
More speci cally, if there are no short selling constraints, then prices converge
to v, the fundamental value, where v 2 f0; 1; 2g.
Proposition 11 In the absence of short selling constraint the price converges to v as t ! 1.
Proof. Suppose not. Then for at least one v 2 f0; 1; 2g the price must
converge to a value distinct from v. We rst consider a long-run price level
in the (1; 2) interval. Recall that the fraction of traders who would like to
trade asset 1 is 1 (1
)(1
) when there are no short selling constraints.
Consequently, the fraction of buy orders must be
q2 =

+
1

2

1

)
2

(1
1

qk =

(1

)(1
+

(1

(1

)
)

2

)(1

)

; where k 2 f0:1g

We know from proof of Proposition 2 that q2 > 12 > qk for all > 0 where
k 2 f0:1g. Therefore, if the fraction of buy orders is greater than 21 , then
the price converges to 2. If the fraction of buy orders is less than 21 , then the
price cannot remain in the (1; 2) interval as the expected value is less than
1. Next, consider the case where long-run price level in the (0; 1) interval. In
this case, the fraction of buy orders must be
qk =

+
1

(1
1

q0 =

2

1

(1

(1

)
2

)(1
+

(1

)

; where k 2 f1:2g

)
2

)(1

)

Similar to the previous case, we have qk > 12 > q0 for all
> 0 where
k 2 f1:2g. Therefore, if the fraction of buy orders is less than 12 , then the
price converges to 0. If the fraction of buy orders is greater than 21 , then
the price cannot remain in the (0; 1) interval as the expected value is greater
24

than 1. Therefore, the only possibility left for prices not converging to the
fundamental value is the case where the price converges to 1 although v 6= 1.
From above arguments we know that price cannot converge to 1 from above
when v = 2, since v = 2 leads to convergence to 2 in the (1; 2) interval .
Convergence to 1 from below is not possible either since price overshoots
1. Similarly, price cannot converge to 1 when v = 0. The price oscillating
around 1 is not possible either given that q2 > 12 > q0 always holds.
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