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ABSTRACT. This paper proposes and analyses a term structure motlelltives for
both stochastic correlation between underlying factocsamextended market price
of risk specification. The issues of invariant transforimatind different normaliza-
tion are then considered so that a comparison betweendiiffeestrictions can be
made. We show that significant improvement in bond fitting poadfolio hedging
performance is obtained by the model. However, the retmnicin market prices of
risk and the restriction on correlated factors has diffenepacts for different uses
of the model. The first restriction has a much more negatiygaohon bond fitting
and forecasting, whereas the second restriction has a maghmagative impact on
hedging performance. Overall, the stochastic correlagagoriced significantly by
market participants, and contributes to the predictivegrasf the model for discrete
bond risk premia. Once our model factors are taken into adcather predictive

factors that have been considered in the literature becosignificant.
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1. INTRODUCTION

Much effort has been exerted on term structure modellingtiver models that can
capture both time series and cross-sectional featureslf gurves, and at the same
time offer some analytical tractability. The affine ternusture models (ATSMs) of-
fer a tractable family of models that can deliver econontyaaleaningful behaviour of
bond yields. The completely affine models have long beentefést, from the early
models of Vasicek (1977) and Cox, Ingersoll & Ross (1985b)the reduced-form
model of Duffie & Kan (1996) and then systematically chamazggl by Dai & Sin-
gleton (2000). Although the reduced-form models do not o#lyspecific modelling
of investor behaviour, they do give much more scope to bettdch real data. It has
been proved that a richer specification of the market pricaséfis needed to cap-
ture behaviour of bond returns and the premium, such as tiiehgmg sign of both
the market price of risk and unconditional correlations safnje) underlying factors.
Developments in this direction include the essentiallynaffinodel of Duffee (2002),
the semi-affine square root model of Duarte (2004), and ttended affine model of
Cheridito et al. (2007). The latter authors show that therded affine model pro-
vides a much better fit, especially in terms of time-seriesfitl has strong statistical

significance.

The developments in market price of risk modelling havevdedid a much better
model fit. However, a draw-back of these models is the reistnis they impose on the
correlation structure of the state variables. As an exarighle the two fundamental
factors long term yield and yield spread. These two factoesusually found to be
the important ones influencing the term structure of interat®s (eg. Duffee (1999),
Duan & Simonato (1999)). Figure 1 illustrates the realizedalations between a 30-
year yield and the spread of 3-month and 30-year yields, bosthat they are in the
negative range for most of the observation period and adeyhigplatile. However,
the Duffie & Kan (1996) framework only allows for positive celation between pos-

itive factors, and consequently ignores the stochastigreatf the correlation. Even
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though, as far as we are aware, there has not been a studynfpausthe impact of
this stochastic correlation on interest rate markets,emdd from other markets are
available. Buraschi et al. (2010) show that the stochastiretation has a significant
impact on optimal stock portfolio formation as well as hedpstrategy. Driessen et al.
(2009) show that the correlation risk is priced in the optioarket, where the implied
volatility smile from individual stock options is flatterdh that from index options.
It is therefore of particular importance to model the staticacorrelation between
the underlying factors of the term structure of interesesdf bond portfolios are of

interest.

[Figure 1 around here]

Recently, financial market researchers have explored thefuke Wishart distribu-
tion to model the dynamic correlation structure of the statéables. The risk factors
are assumed to follow a time affine process of positive defmiatrices, whose tran-
sition probability is a Wishart distribution. Applicatiazan be found in multivariate
stochastic volatility model of Gourieroux et al. (2009)kdit risk model of Gourieroux
& Sufana (2006), option pricing model of Da Fonseca et al0@20and term structure
models of Gourieroux (2006), Grasselli & Tebaldi (2008) &daschi et al. (2008).
Buraschi et al. (2008) show that the Wishart model also exgmmodel flexibility
by capturing various empirical regularities of yield cusysuch as the predictability
of excess bond returns, the persistence of conditionalilvsés and correlations of

yields, and the hump in the term structure of forward vatas.

It can be seen from the literature that a flexible market poicesk and stochas-
tic nature of factor correlation are important in matchiegttires of the yield curve.
However, evidence from the literature is one-dimensioNal.direct test of the merits
of each component can be made from research in a one-dimahsietting. In this

paper we propose and analyse a term structure model thasdto both components,
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which we call in short the WTSM model. We will characterize thvariant transfor-
mation for our WTSM model, and provide three different sétsarmalization condi-
tions, so that under appropriate normalization, our WTSMliehavill either nest the
Wishart model proposed by Buraschi et al. (2008) (here#lieeBCT model), or nest
the multidimensional CIR model with extended affine markitepof risk (hereafter
MCIR model). The tradeoff and relative advantages/disathges of each approach

can therefore be analyzed.

One would question why we take the BCT model and the MCIR masléhe bench-
mark. Would other models be equally capable of beating thesehmarks? It is
noted that Buraschi et al. (2008) compare a simple 3x3 Wishadel with various
3-factor (completely and essentially) affine models and fivad it has better perfor-
mance, whereas Cheridito et al. (2007) have made the casbdaxtended affine
market price of risk versus completely and essentially affirhe comparison between

these two benchmarks and the existing affine models are evanpl

We find that the WTSM model provides a better overall matciéodata as well as
better short-term and long-term forecasts. Even though&vigisk factors have re-
sulted in much flexibility for modelling yield curves, theaee still essential constraints
for fitting empirical data when adopting a simple market @ risk (as in the BCT
framework). Here we still find that a simple market price ekrforces a sacrifice of
time series fitting in order to adjust cross-sectional fifticonsistent with the findings
of Cheridito et al. (2007) and Duffee & Stanton (2008). Mopedfically, imposing
a restricted market price of risk worsens the average figimgr (forecast error) by
160% (42%) whereas imposing a more restricted correlatiauctsire on the factors

only worsens the errors by 120% (6%).

In terms of pricing, we find that the correlation risk is pdcgignificantly, and is
the most significant pricing factor at the short end of theveuiThe price of this risk
factor is stable in the medium time to maturity range, themdases slightly, but not

as significant as the level risk factor, at the long end of thee
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In terms of portfolio hedging, we find that it is crucial to &kto account the
stochastic nature of correlation. On average, imposingsaicon on the market
prices of risk only worsens the risk-adjusted return of teddged portfolio by 5.8%,
whereas imposing a restriction on the nature of the coroeldtetween the underlying
factors worsens the risk adjusted return by 21.2%. Allowimgboth components
ensures the best hedging performance, as well as the besh toaémpirical asset

correlations.

Finally, we investigate the ability of the WTSM model in pretthg (discrete) bond
risk premia. We find that the factors implied by the Wishartdelohave very good
predictive power. Once these factors are taken into accaanér factors that have
been considered in the literature are no longer significihbse factors include the
Cochrane & Piazzesi (2005) forward factor, the Ludvigson & (2009) macroeco-
nomic factors, the Cooper & Priestley (2009) output gapdiadhe principal compo-
nents and various measures of liquidity. Our bond risk paefactors are completely

spanned by the yield curve, although a higher order facttreyield curve is needed.

The remainder of the paper is organized as follows. Sectiontlhes the model
as well as its properties in terms of conditional moments stodhastic correlation.
It also discusses the model invariant transformation amdhalization issues. Data,
estimated models and estimation procedures are outlin8égtion 3. Empirical evi-
dence and analyses of bond fitting and forecasting are pgezsanSection 4, whereas
portfolio hedging performance under stochastic correfasire analysed in Section 5.
Discussion regarding bond risk premia, instantaneous #dsaweliscrete, is given in
Section 6. Section 7 concludes the paper and all technicdallslare placed in the

Appendices.

2. WISHART TERM STRUCTURE MODELS

If the instantaneous interest ratgat timet follows a Wishart processthe term

structure model based upon it is called/shart term structure mod@WWTSM). In this
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section we will set up a new WTSM. The model is different frdra set-up in Buraschi
et al. (2008) by adopting a more general market price of ggciication. Our model
is in a continuous time setting, and therefore quite difieieom the discrete-time

set-up in Gourieroux et al. (2009).
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2.1. A Wishart Term Structure Model (WTSM).

Definition 1. (The Wishart Process) LéX; be a full-rank symmetric positive-definite

n x n-matrix diffusion process defined as
dX; = (kQQ" + MX; + XM ")dt + QAW /X, + VX, dW,' QT , (1)
whereT denotes the transpos@,andM aren x n matricesj is a constant satisfying
k>n+1, (2)

andV, is ann x n standard Wiener process. The square £gais in the matrix sense
The matrixX; is called a Wishart process with degree of freedarithe matrix)/ is

usually assumed to be negative definite so that the processstationary.

The conditionk > n + 1 guarantees that the Wishart process is strictly positive
definite, see Theoref!’ (p.745) in Bru (1991). We need to have the stronger require-
ment of positive definiteness than that of Buraschi et al082W®ecause later we will

consider\/Xt_1 in our market price of risk specification.

Assumption 1. The instantaneous ratg is a linear combination of the Wishart pro-
cessX; given by
n
re=a+tr(UX) =a+ Y Ui;Xi,, (3)

i,j=1
whereV is ann x n matrix, andtr is the trace operator. Without loss of generality
is a symmetric matr’ In order to guarantee the positivity of, ¥ is required to be

positive definite.

There are market prices of risk, denoted bynar n matrix A;, associated with the
n x n risk procesg¥;. The probability transformation from the empirical measto

Irora positive definite matri¥X which can be diagonalized & = P "diag(\1,--- , \,)P with P
unitary, theny/X := PTdiag(v/ A1, -+ , vV n)P.
2This is because

tr (UX,) :tr(%(\lurqﬁ)xt) )

and the matrix (¥ + T is symmetric.
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a risk-neutral measure is characterized by the transfoivieder process
AWy = dW; + Aydt | (5)

whereW, is ann x n standard Wiener process under the risk-neutral measure.

Assumption 2. The market price of risk in the Wishart process is assumee tf khe

form
-1
At:AO\/Z +A1\/Z, (6)

whereAy and A; aren x n matrices and the inverse operator is the matrix inverse.

The form of the market prices of risk is in line with the exteddiffine term structure
model in Cheridito et al. (2007). Under this assumption,fdator process under the

risk-neutral measure is given by

dX; = (D + MX + XM ")dt + QdW,VX + /X dW, Q" 7

where
I = kQQ" —QA—AJQT, ®)
M = M—QA, . )

We observe thaf is a symmetrior x n matrix.

Remark2.1 We require

I >"(n+1)QQ" (10)

(meaning thal’ — (n +1)QQ" is a positive semi-definite matrix), in order that the
Wishart processX; be strictly positive under the risk-neutral measure; seeh{@uo

etal. (2011)
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Remark2.2 Under the parameter restrictions (2) and (10) the boundamyattainment
conditions in Cheridito et al. (2007) are satisfied, so tlists an equivalent martin-
gale measure and risk-neutral pricing is free of arbitrafghout these restriction the

change of measure cannot be guaranteed to be equitalent

Remark2.3. Our specification contrasts with that of Buraschi et al. @0@vhose
market price of risk is of the simpler formy; = /X; , which can be derived in an
elegant way from a general equilibrium argument. Howeweldrive it one must

make the assumption of a log-utility function, which is riztive.

In this paper we extend the model in Buraschi et al. (2008) dyptng a more
general form of market price of risk (6) and also adding otbemrameters (for more
detail see Section 3). Although the extension is quite stnagsl far as solving the no-
arbitrage bond price is concerned, later in Section 4 we s&é# that this extension

does greatly increase model flexibility in fitting empiricklta.

Let P(t,T) be the price at of a bond maturing ai” with payout of one unit of
money. According to no-arbitrage pricing theory the bonidepis equal to the ex-
pected value of the discounted future payoff with resped particular risk-neutral

measure. Thus,
T
P(t,T) = Eexp (— / rsds)] (11)
t

whereE, is the expectation operator under the risk-neutral meamditional on the
information up tot. Based on the linear spot rate relation (3) and the factoauycs

(7), the bond price depends on the current sktén the form
P(t,T; Xy) = exp (a(T) +tr [C(T)Xt]) , (12)
wherer = T — t, a(7) is a scalar function an@'(7) is a symmetri¢n x n function,

see Cuchiero et al. (2011).

SFor example, the probability of the process hitting a boupdsnonzero under one measure but zero
under another.

“This is for the same reason as given in footnote 2.



WISHART 10

Proposition 1. For the given well-defined factor dynamics (7) under the risktral
measure and the instantaneous rate relation (3) the boncepyiven by (11) can be
solved in the form (12) where the coefficieafs) and C(7) solve the ordinary differ-

ential equations (ODES)

d

—C(n) = C(rYM + M"C(1) +20(1)QQ"C(1) — ¥ , (13)
%am — WO - a (14)

with T and M defined in (8) and (9) and subject to the initial conditior(®) = 0,
C(0) = 0.

Proof. See Appendix A.

Proposition 2. The solution of the: x n matrix valued functiorC'(7) satisfying the

ODE (13) and the initial conditior’'(0) = 0 is given by
C(1) = Qao(7) @0 (1), (15)

where®,(7) and @92 (7) aren x n blocks of the matrix exponential

®11(1) Pra(7) M —2QQT
‘= exp [7’ _ ] .
Do (1) Poa(T) - —MT
The solution ofi(7) in (14) is given by

o) =t [( L) (o) 4 7T —ar. )

Proof. The solution for general solvable affine term structure neodan be found in

Grasselli & Tebaldi (2008)0.

Example2.4. It is easy to see that a one-dimensional CIR processlisd Wishart

process. In this case (1) becomes

dX; = (kQ* + 2M X, )dt + 2Q\/ X dW .
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Note that in this cas@/ is required to be negative in order th¥t be stationary.

Example2.5. Consider am x n processX; in (1) with diagonal parameter3, /M and

a diagonal Wiener process

AWy 0 0
0 0 dWp

Then itis easy to see tha; is a diagonal process and each component on the diagonal

follows a CIR process
dXi = (kq? 4 2m;Xy)dt + 2q;/ XedWy ,i=1,--- ,n, 17)

and theX; processes are independent of each other. The ternasdg; are the items
on the diagonals of\/ and @ respectively, andn; need to be negative in order to

ensure stationary af;; for all .

We note that the multi-variate diagonal process (17) is mestictive than a system
of multiple independent one-dimensional CIR processes.cbnstant terniq? in the
drift coefficient in (17) has a fixed linear relation to its ieaceq?, while in a system
of multiple independent one-dimensional CIR processes) &g can have a different
k;. We found that this kind of a proportional restriction on tigk-neutral dynamics
(7) largely reduces the capability of the model to fit empirdata. Therefore we adopt
the parametrizatiol' to relax this proportional restriction. In the model of Bsthi
et al. (2008 = kQQ so it does not cover a system of multiple independent one-

dimensional CIR processes.
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2.2. Properties of the Wishart Process.

2.2.1. Conditional Moments.
Proposition 3. The conditional first moment of the Wishart process (1) ismivy
E[Xpir| X = @, X0 + KV, (18)
where®, := exp(M7)° and
V, = /O ’ P,QQ" /! ds . (19)
The conditional second moment is given by

VarjvecX ., (vecX ;)" |X,]

= Iz + Knn) (@TX@I DV +k(V, @ V) + Ve @ 0, X, 0] ) ., (20)

where ve¢X;) stacks all columns ak; into ann? x 1 vector, I,,» is ann? x n? unit

matrix, K, ,, is the commutative matrix defined by

vedH") = K, ,vedH) , foranyn x n matrix H . (21)
Proof. See Buraschi et al (2008)1.

2.2.2. Stochastic Correlation.

Proposition 4. For then x n Wishart processX; as defined in (1), the instantaneous

correlation is given by

CO\’[dXZ]dXUU] = ((QQT)qu]v+(QQT)quw+(QQT)M)XJU"|’(QQT)]UXW>dt .
(22)

Proof. See Appendix AD.

SRecall M is negative definite s®. converges to zero for large
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For the special case of the covariance of the variables odiigonal, we have
CovdX;; dX ;] = 4QQT) ;i X,;dt . (23)

Now we calculate the correlation

Cov(dXy dX,;)
JVardX,)Nar(dX,;) Y u\/ i

wherer;; is a constant given by

CordX;; dX;;] = (24)

1 QuQi
NSNS

Proof. See Appendix A.

Proposition 5. The stochastic covariance given in the last proposition baralso

summarized in vector form:

CovveddX)veqdX)']
= (I + Knp) (X ©QQT)dt + (Kpp + 1,2)(QQT ® X)dt (25)
= (X ® Loxn)- * (Luxn ® QQT)dE + (1130 ® X @ Lyx1). * (Lnw1 ® QQT ® Ly dlt
+(Lixn © QQT © Lyx1) * (Lux1 © X @ Lisn)dt + (QQT ® Lysen). * (Loxn ® X)dt
= S(X)dt, (26)

wherel, is then? x n? identity matrix, K, ,, is defined in (21)1,x, is ann x n

matrix with all elements equal to one andrepresents element-wise multiplication.
Proof. See Appendix AD.

2.3. Invariant Transformations and Normalization of Parameters. A Wishart term
structure model is characterized by its model paraméders (k, M,Q,T,M,a, \I')
given in the factor dynamics (1) under the real world meagsilve factor dynamics

(7) under the risk-neutral measure and the instantanedeig3p Dai and Singleton
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(2000) pointed out that for the dynamic affine term structacalel different parame-
ter specifications can generate exactly the same model bared g\ straightforward

example is to take any arbitrary x n transformationC and apply it to
Ct(r)y= (N e, Xt=cxc’,

then the bond price (12) calculated from the piat(7), X;) is exactly the same as

that calculated from the transformed péir“(r), Xf), in fact
P(t,T; X;) = exp (a(7’)+tr [C’(T)Xt]> — exp <a(7)+tr [CC(T)X,E]) . r=T-t.
In the following discussion the parameter &ets added to the argument of the bond
price P(t,T; X, ©) in order to emphasize its role.
Definition 2. A transformationl is calledan invariant transformatiorif
P(t,T; X;,0) = P(t,T; Xf,0")

for all ¢, T and the whole procesk;.

The definition is the same as that in Dai and Singleton (20B8@)ye we stress that
the pricing invariance holds not only for any one poiXit = x but for the whole

processXy,t > 0.

The Proposition 6 gives the exact relation of an invariaabgformation for our
Wishart term structure model.
Proposition 6 (An Invariant Transformation)Consider the transformation
XF.=£Xx,£" ;and WP =0OW,, (27)

where £ is ann x n matrix and© is an orthogonal matrix wittOOT = I,,. The

transformation is an invariant transformation if the paratars
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OF == (KX, M*, QO X, M*, o, UF) are transformed according to

K- = k, (28)
M- = LML, (29)
Q° = LQo', (30)
rt = cre’, (31)
MF = ML, (32)
of = a, (33)
vh = (£h)ytwet, (34)

Technically,a”(7) and C*(r) are the no-arbitrage bond pricing coefficients given
in (15) and (16) calculated with the transformed parameér. The transformation

(XF, WP, 6F) is an invariant transformation if there hold the relations

a“(1) =a(r) and C*(r)= (LN tC(r)L™. (35)

Proof. See Appendix A.

The sup-indexZO in Q*° indicates that the parametéxis affected by the trans-

formationW,° = OW,, whereas the other parameters are not.

The invariant transformation above is characterized usiagarametrizatiot@, T, M)
for the risk-neutral dynamics. Alternatively, we can useglrametrizatiofk, M, Q, Ag, A1)
whereAy andA; are given in equation (6). The market price of risk (5) reraahe
same under the transformation but will have a different ddfustment under the mea-

sure change in the transformed system.

Proposition 7. If we adopt the parametrizatio®’ = (k, M, Q, Ao, A1, , ¥), the

parameter relations (31) and (32) are replaced by

I% = kQP(QO)T — QPO LT — (QFPONLT)T (36)
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M~ = MF—-Q*PoA L. (37)

Proofsee Appendix A.

Arbitrarily many parameters values can map to the same teutsre using the
invariant transformations, and Proposition 8 providesmalization conditionghat
allow us to exclude such invariant transformations, so thmter the normalization
conditions there is only one parameter specification mapfonone term structure.
In order words, under the normalization conditions the dréysformation(L, O)

allowed is the identity transformation.

Proposition 8 (Normalization Conditions) We provide three sets of normalization
conditions to facilitate comparison between different gisdAssum@/ can be diag-

onalized. The three sets of normalization conditions avemgioy

(S1) First set
(al) M is diagonal.
(b1) Q is lower triangular and the elements on the diagonal are abitive.
(c) The elements on the diagonalbfare equal to one. The elements in the first
row of ¥ are nonnegative.
(S2) Second set
(a2) M is lower triangular.
(b2) Q is diagonal and the elements on the diagonal are all positive
(c) The elements on the diagonalbfare equal to one. The elements in the first
row of ¥ are nonnegative.
(S3) Third set
(@3) Ay = I, (I, is ann-dimensional unit matrix).
(b3) Q is upper triangular.

(c3) The elements on the diagonal and in the first roware positive.

Proof. See Appendix AD.



WISHART 17

Based on the model identification conditions provided bypBsition 8, the Wishart
model in Buraschi et al. (2008) is a restricted version of Wishart term structure
model where the upper triangular part/af in (1), « in (3) andAg in (6) are all zero.
Within the framework developed we can test these paramesgriations later in the

empirical investigation.

3. EMPIRICAL PROCEDURES

3.1. Summary of the Models. We consider four models, (1) our Wishart term struc-
ture model (WTSM), (2) the multiple CIR (MCIR) model which igsted inside
the WTSM model, (3) the Buraschi et al. (2008) (BCT) model] &) an extended
Wishart (BCTEW) encompassing the BCT model, and equivadetite WTSM model.

Figure 2 summarizes the relationships between the diffeneaels. We note that

() The MCIR model is a restricted version of the WTSM model.
(i) The WTSM and the BCTEW model are equivalent term strrestmodels as dis-
cussed in Proposition 6, and

(i) The BCT model is a restricted version of the BCTEW model
[Figure 2 around here]

Regarding the question whether MCIR and BCT models are &icbmarks, it is
noted that Buraschi et al. (2008) compare a simple 3x3 Wishadel with various
3-factor (completely and essentially) affine models and fivad it has better perfor-
mance, whereas Cheridito et al. (2007) have made the cabeefextended affine mar-
ket price of risk versus completely and essentially affinber€fore, both the MCIR
and the BCT are superior models representing two differpptaaches to modelling
the yield curve, namely to utilize a more flexible market erif risk specification and
to model the stochastic nature of factor correlation. Thaéwedence transformation
allows us to compare these two approaches and examine #iweeatontribution of

each component to the success of yield curve modelling.
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We consider the Wishart model with= 2. Now we describe the models in detail.
The first model WTSM, is a Wishart term structure model with the normalization

conditions S2 in Proposition 8. There are fifteen paramétele estimated:

© = (k,m1,m2,q11, 21, q22, Y11, Y125 Y22, 11, M12, M1, Mgg, &, 1)),

which are in the form of

my; 0O quu 0 - Y11 Y12
= ) Q = bl F = ’Y fy )
0  mo g21  q22 Y12 Vo2
(38)
- m m
= H 2 , U= , kanda.
Ma1 Moo P 1

The second modeMCIR , is based on a two-dimensional CIR process and it can be
considered as a restricted version of the first model (WT3Mgre are ten parameters

to be estimated:

M = ! ! 9 Q = o ! 9 f = " ’ 9
0 mo 0 ¢ 0 7
(39)
- m; O 1 0
= , U= , kanda.
0 moy 0 1

The initial valuesXy 21 = Xo 12 are set to zero.

The third modelBCTEW is an extended version of the Buraschi et al. (2008)
Wishart model. The market price of risk is set to he = /X, thereforeA; = I
andM = M — Q in (9). This restriction is compensated for by the extradmea
in M andV¥ compared with the WTSM (38). The BCTEW adopts the normabnat

conditions S3 given in Proposition 8 and is statisticallyieglent to the WTSM. It
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also has fifteen parameters:

m m - A !
M- 11 12 Q= q11 412 T Y11 Y12 ’
ma1 M2 0 qgoo Y12 Vo2
(40)
M=M-Q, , W= Yu Y12 . kanda.
P12 Y22
The fourth model is th8CT model. It has ten parameters:
M- myp 0 0= q1 Q12 M= M_Q - i1 Y12 k.
ma1 M2 0 qgoo P12 P22
(41)

This model is a restricted BCTEW model with the restrictions: 0 andl’ = kQQ".

3.2. Data. The observed variables are the US strip bond yields of fixadgito ma-

turity from Bloomberg, shown in Figure 3. Yields are cald¢athbased on a linear
approximation method. There are 11 time series with timesdturity of 3 months, 6

months, 1-5, 7, 10, 20, 30 years. Bond yields are collectédea¢nd of each month.
The observation period is from 04/1991 to 07/2008, giving é@8ta points.

In the literature, the level and the slope of the curve arallsgonsidered as im-
portant determining factors for the term structure of ies¢rates. For our sample, the
level of the 30 year long-term yield changes only moderaaly has a slow downward
tendency. The three month yield, which follows very clogély federal funds rate and
is affected largely by US monetary policy, fluctuates morgely. This gives a volatile

development of the yield spread.

[Figure 3 around here]

3.3. Estimation method. The Wishart risk factors are not directly observed but need
to be inferred from observed bond yields. Buraschi et alo8@&nd Cheridito et al.

(2007) assume that there are as many bond yields as thesfautiserved without
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measurement errors so that the factors can be obtained bgaanhygeld-factor corre-
spondence. Based on this Buraschi et al. (2008) uses the GMIMCheridito et al.

(2007) employ an approximate likelihood method to estiniageparameters.

Different from the two approaches above, but in line withfizu& Singleton (1997),
we adopt the extended Kalman filter to filter out underlyingides from the observa-
tions with measurement/observation errors. We in factrassall bonds are observed
with errors and utilize the filter to derive the maximum likelod estimator. There are

two main reasons for this choice of estimation method.

First, filtering using all bonds assumed to be measured witbre allows us to
estimate the model even when there are hidden factors inighe gurve. This is a
term we borrow from Duffee (2011) to describe those facttisua which a snapshot
of the timet-yield curve conveys no information. Using filtering, Dudfé2011) finds
the importance of hidden factors for his Gaussian term straanodel. Our model,
on the other hand, is not Gaussian. Other estimation methohidden factors are
available but they involve the use of additional data aparnfyields, such as the use
of macroeconomic variables in Joslin, Priebsch & Singl€&011). Here we do not

assume a factor is hidden but leave it to the data to tell us.

Second, we find that it's hard to monitor whether the undegwVishart factors
remain positive definite during the estimation procedur¢ghef GMM method (used
in Buraschi et al. (2008)). This is technically an importaoint because a Wishart
process is not defined if it is not positive definite. Using moels without the control
of positive definiteness, the parameters can still be obthbut there is no guarantee
that the obtained Wishart process is well-defined. Filggron the other hand, allows

us to look at each time step and monitor the behaviour of thegss.

Details on the extended Kalman filter and positivity contah be found in Appen-
dix B. The appendix also provides some notes on how we treainitial values as

parameters in the model and our optimization methods.
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4. MODEL ESTIMATES, FIT AND FORECAST

4.1. Estimation of MCIR and WTSM models. Table 1 gives estimation results of

the MCIR and the encompassing WTSM models.

[Table 1 around here]

For the model MCIR, under the risk-neutral measure the dycgof X; can be

seen as the two independent CIR processes
dXiie = (i — 2mi X )dt + 2551/ XiindWig .

The degree of freedorh is estimated to b&0.17 which is greater tham +1 = 3

for the Wishart procesX; under the real-world measure so the Wishart process is a

2
strictly positive-valued process. It is easy to see thafFl&er conditiony;; > 4‘;“ is

satisfied for bothi so the process is also a strictly positive process underskaeutral
measure. The boundary non-attainment condition is satisfel so the martingale
pricing formula (11) is free of arbitrage. The mean revargmarametersn;; and
m;i, 1 = 1,2 are all negative so the process is stationary under bottetienorld and

risk-neutral measures.

The WTSM model, on the other hand, does not assume independetween the
two underlying factors. As suggested by Eq. (23) the thiedydnal factorX; repre-

sents the covariance of the two off-diagonal factors.

The degree of freedom parameteis estimated to be 7.28 3 = n + 1. The
conditionT >™ 3« Q « Q" is satisfied. So the estimates of the WTSM satisfy
the boundary non-attainment condition. The parametérand M/ are both negative
definite so the Wishart process is a positive stationarygz®¢or both the real-world

and risk-neutral measures.

The parametet: in (3) has the role of shifting the level of the fact&y. A negative

a helps to keep th&; in the positive area. Duffee (1999) fixes a negative valuexfor
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(on page 209), while we let the data determinbere. Both the MCIR model and the
WTSM model give similar estimates of -12.33% and -11.21%eetvely.

Figure 4 (a and b) plots the estimated factors of the two nspaehereas Figure 5
shows the comparison between the estimated factors andrletérm yield level
and the yield spread (defined as the difference between 3hnaonl 30-year yields).
There is a high correlation between the estimated factatsrentwo economic factors
of level and spread. We therefore will namXg; the spread factor and 5, the level

factor.
[Figure 4 around here]
[Figure 5 around here]

Statistically, the WTSM outperforms the MCIR model as idewit in Table 1. This
is so since the estimated standard deviation of the measutegmrorss, is smaller.
Also, the likelihood ratio test strictly rejects the restions of the MCIR model against
the WTSM. In addition, the WTSM also has smaller fitting esrfor the bond yield

data both in bias and in mean-square error (MSE).

4.2. Estimation of the BCT and BCTEW models. In the column “BCTEW” in Ta-
ble 2 we present the parameter values which form an equivaledel to the WTSM
results in Table 1. One can hardly recognize the equivaléooe these numbers, nor
from their factors as depicted in Panels (b) and (c) in Figur&his is because they
are statistical factors and can be rotated. However, franfiettt that they generate the
same the risk premia (calculated by equation (45)) showraireR (b) and (c) in Fig-
ure 9 we can still recognize their equivalence. The trajeztoof the BCTEW factors
are totaly different from those of the WTSM and they have tbstcorrespondence to

the long-term yield and the yield spread.

[Table 2 around here]

SFor all models, bias is defined as the fitting errors of the hadeich are the difference between the
observed bond yields and the model bond yields calculatied) tise updated factor levels. The average
is taken over all bonds.
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In the BCT model the shift parameteris set to zero. As a consequence one can
observe that the BCT factors in Figure 4(d) are closer to.zémahis situation the
positive definitiveness is more easily violated as can be §een the fact that the

X41; factor crosses the zero line around the years 2000 and 2008.

The other parametér also accounts for flexibility in fitting bond yield data. The
restriction] = kQQ' requires that the constant drift term under the real world dy
namics be equal to that under the risk-neutral measure. réhisction reduces the
model flexibility to a large extent, as also pointed out indktended affine term struc-
ture in Cheridito et al. (2007). The reduction of model cétyais evidenced by an
increase of measurement errersand yield fitting errors (average bias and average
MSE), and a decrease of the likelihood. The likelihood rédist strictly rejects the
BCT model against the BCTEW model.

4.3. Forecasting Power of the Models.This section investigates the cross-sectional
fitting and forecast performance. In Panel (a) in Figure 6 we the average errors
(bias, the left-hand figures) and the mean-square error& (M@ right-hand figures)
of the bond vyield fit. The three curves correspond to the nreasent errors of the
MCIR, the WTSM and the BCT models. We do not have a curve forBBEFEW
model since it is coincident with the WTSM due to their eqlewae. Error scales in
this MSE figure correspond to the scale of the measuremearsetrin Tables 1 and 2
and the “av. Bias” and “av. MSE"” which are the averages ovdraids. The WTSM

has the smallest MSE amongst the three models.

Panel (b) in Figure 6 gives the bias and the MSE of one-montadliie. 1-step
ahead) forecast errors of the all bonds. The WTSM has thepeekirmance of the
one-month ahead forecasts. Note that the one-month farecass are used for cal-
culating the likelihood function. Therefore the supetipiof the WTSM against the
MCIR and the BCT models for the one-month forecast perfogaaran be seen to-
gether with the clear results of the LR test in the pervioudiee. Compared to the

random walk (hereafer RW) model, the WTSM model does betteradl in terms of
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bias (the RW model consistently underestimates bond yieldswever, in terms of
MSE, the WTSM model only outperforms the RW model at 2-12 yeaaturity range.
It performs slightly worse than RW model for short maturikysé than 2 years) and

underperforms at the long end of the curve (more than 13 yeatgrity).
[Figure 6 around here]

Nevertheless, when it comes to anything longer than 1-dteadaforecasts, the
WTSM model outperforms all of the other models (RW, MCIR, &%IT), which can
be seen in Figure 7. The BCT model is the worst performing snggesting that
the restrictions on the market price of risk greatly redureeftexibility of the model
to match observed yields. This restriction has much morathegimpact on fitting
and forecasting than the restriction on the correlationactdrs. More specifically,
imposing a restricted market price of risk worsens the seefdting error (forecast
error) by 160% (42%) whereas imposing a more restrictecetaifon structure on the

factors only worsens the errors by 120% (6%).

[Figure 7 around here]

5. PORTFOLIO STRATEGIES UNDERSTOCHASTIC CORRELATION

This section explores the hedging performance of the thiedeis under considera-
tion. We adopt the minimal variance portfolio in Campbelhket{1996) as the hedging
strategy. Given that the MCIR has 2 different risk factorfieveas the WTSM and
BCT models have 3 different risk factors, we are going to mersportfolios contain-
ing only 2 assets. This means that the WTSM and BCT modelswtilhave complete

hedging, and therefore their performance will not be optima

We consider monthly return of bonds with fixed time to maydritBased on the
model, the asset covariance can be calculated for each tiné pUsing equation

7Concretely, an investor holds a bond with a given time to migta; for one periodt, t + At] for some

i. Next period, the investor sells the bond and reinvests ievabrond with the same time to maturity.
For the calculation in each holding perifidt + At] the time to maturity is shortened fromto 7; — At.
We calculate the bond price of the shorter time to maturity At using the estimated results of WTSM
in Table 1 and then building the log return.
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(65), (see Appendix A) the bond return (with fixed time to miyi is calculated from

dP;,
P

)

= (r¢ + eip)dt +tr [dZ,C;] (42)
where
eir = 2tr [Q(Ao + M1 Xy)Cit] , Cii=C(r), dZ; == QdWi/ Xy + V/XedW,' QT .
The instantaneous covariance at titr the two assets is then given by

oijadt = Cov(tr [dZ:Cq] W [dZCy)) | (43)

which changes over time and can be calculated based on tivagsh results.

Heterogenous investors decide their hedging strategydbaseheir beliefs of the
models. In other words they calculate the instantaneouanao;;; in (43) based
on the estimation results of the MCIR, the WTSM and the BCT ef®despectively.
Given the variance structure, hedged portfolio positicas loe obtained easily. The
investment horizon is taken to be the same as the obseryaitod (from April 1991

to July 2008), and portfolio position is normalized to one.

Table 3 summarises the performance of the hedged 2-asstlipsrbased on the
three models for different hedging pairs. For example “3Y"1theans the hedging
portfolio consisting of two bonds with time to maturity ofrfe years and ten years,
whereas the equally weighted portfolio considers a simptéqlio consisting 060%

of each bond.
[Table 3 around here]

From the table, it can be seen that hedged portfolios basdldeoastimates from
any of the three models have quite low volatility. Volailiof the hedged positions
is around 23%-50% of that of the equally weighted portfolithough WTSM is dis-
advantaged because we only use 2 assets to hedge 3 rislsTaittstill delivers the
lowest portfolio volatility (our objective function), asel as lowest downside risk.

8The BCT is similarly disadvantaged. The MCIR has only 2 rasétérs which are hedged by 2 assets.
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The risk-adjusted retufris also highest under the WTSM model, then BCT and fi-
nally MCIR. Note that Sharpe ratios obtained by the WTSM nhade plausible, with

the maximum less than 0.2, which does not suggest any oweyfitt

Given that correlation is the most important factor in deii@ing portfolio diversi-
fication, we attribute the ranking of the performance of tire¢ models on the ability
of the WTSM and BCT to model stochastic correlation. It is passible to calculate
the stochastic correlation from empirical data directgrefore to investigate corre-
lation estimates, we look at the asset correlation impliethle three models, as seen
in Figure 8. The posterior reference line (labelled “emp’@ds obtained using the
realized sample correlation between the two assets usediaiie portfolio. It can be
observed that MCIR (BCT) estimated stochastic correlasomways higher (lower)
than the empirically realized correlation, suggesting tha model overestimates (un-
derestimates) the true stochastic correlation betweestsashe WTSM estimated
stochastic correlation, on the other hand, fluctuates arthm realized sample corre-

lation. The trajectory of the correlation is stable in geher

[Figure 8 here]

6. BOND RISK PREMIA

6.1. Instantaneous Risk Premia. The instantaneous risk premium of a bond is the

excess instantaneous return of the bond over the riskfetntaneous return.

Proposition 9. The instantaneous risk premium of a bond under the Wishadeirib

iS
Risk Premium=tr [(kQQ " —T)C(7)] + 2tr [(M — M)X,C(7)] .  (45)

9Risk adjusted returns are measured by the Sharpe ratio @&bttino ratio. The Sortino Ratio is defined
>y R-T

DR ’ (44)
whereR is the asset returft; is the target return (usually the risk-free rate), and therdide risk (DR)
given by DR := [*_ (T — x)?f(x)dx wheref(z) is the probability density of the return.
puffee (2010) examines properties of Sharpe ratio for GDESNMhereas Joslin, Priebsch & Singleton
(2011) also investigates the Sharpe ratio under macro-GIETS

Sortino Ratio=
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Proof see Appendix AD.

Figure 9 compares the development of the risk premia of tffereint maturity
bonds for all the four models. Recall that Panels (b) and i@yide the same picture
of the risk premia since they are equivalent. The term sirast of the risk premia
of the four models share some similarity. All of them are pesimost of the time.
Furthermore the risk premia of long-term bonds fluctuateatiman those of short term

bonds.

[Figure 9 around here]

Consider the risk premium (45) more in detail. The risk premis a linear com-
bination between the underlying factors, adjusted by ateohgerm. Figure 10 il-
lustrates the absolute contributions of each factor in tble premia. For all of the
models, a positive shock in the spread (ie. short term miong term yield) decreases
the risk premium, and the longer the maturity, the more thedhe affected. This is
an expected behaviour. An increase in the spread meanstshortyield increases
(decreases) more (less) than the long term yield. If theegfa unit of risk does not
change, the excess return of bonds should decrease to te#extpected lower return

in the future.

[Figure 10 around here]

Regarding the second risk factor, the level of long termdgethe MCIR and the
WTSM models predict that a positive shock in this factor fetmdan increase in bond
excess return. The BCT model, on the other hand, gives ampantad prediction of an
opposite movement. We conjecture that the flexible markee mf risk specification
of the MCIR and the WTSM model allows a better match betweeretimated risk

premia and the expected behaviours of the yield curve.

The BCT and the WTSM models allow for stochastic correlabetween factors,

and both predict an increase in risk premia due to a positieelsin the correlation.
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This implies that financial market participants do price ¢beelation risk. This find-
ing is consistent with other markets, such as the option&ehaA study by Driessen
et al. (2009) in the options market shows that the corraiatisk is priced, and the
implied volatility smile from individual stock options isditer than that from index

options.

6.2. Discrete Bond Risk Premia. In the previous section we focused on the instan-
taneous excess return of a bond over the risk free rate. drséation we will look at
the bond risk premia commonly defined in the literature asitwess holding period
return of a long term bond over the return of a shorter terndbdvie name it “discrete

bond risk premia” to distinguish it from the instantaneois& premia.

The excess return of an-period bond ovelj-periods, expressed in bond prices, is

wriy) = —InP(t,t +m) + I P(t + j,t +m) +1n P(t, ¢ + j).

Using (12), this in turn can be written in terms of the statgdes as
wripl; = —a(m) +a(m — j) + a(j) = w[(C(m) — C(j))Xe] +tr [C(m = )Xo

The predictability of excess bond returns has long beentefést. Campbell &
Shiller (1991) find that excess bond returns are forecastaplreasury yield spreads.
Cochrane & Piazzesi (2005) find that a linear combinatiorooivérd rates has a very
good predictive power, and the combination is now called@Refactor. Ludvigson
& Ng (2009) use 8 factors extracted from 132 different macoo@mic variables to
explain the risk premia. Cooper & Priestley (2009) repoet pinedictive power of the
output gap. Cieslak & Povala (2011) explain the premia usirgdes and a persistent
factor proxied by the discounted moving average of coretiofiadata. Given that our
model provides bond prices, a question of interest is altbeuability of our model to
predict excess bond returns, and how it compares to othslirexipredictive factors in

the literature.
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In order to make it easier to compare to existing literatwve, will examine a
one year holding period (iej is one year) and long term bonds of 2-5 years (ie.
m = 2,...,5years). We will cut down the sample period to 2007:12, soweatan
compare with the Ludvigson & Ng (2009) resutts.

Table 4 reports a simple regression of the excess log bondiren our factors
extracted from the Wishart, the BCT and the MCIR models. Tamtistics are cal-
culated using Newey-West adjustments with 18 lags. Our &vidhctors can explain
58%-62% of the variations of the one year excess bond rekactors from the BCT
model can explain slightly smaller portion, namely from 56986, however, none of
the factors is statistically significant. Regarding the B@hodel, only.X; is signifi-

cant and the model has the least predictive power of 23%-32%.
[Table 4 around here]

Table 5 and Table 6 look at other factors that have been usegbtain the bond risk
premia. In Table 5, the explanatory variables are varioussmes of liquidity and the
measure of output gap proposed by Cooper & Priestley (2808pne of the factors
is significant, apart from the Moody Baa-Aaa spread. In Td&hl¢he explanatory
variables are the Cochrane & Piazzesi (2005) forward factbe 8 macro-economic
factors extracted by Ludvigson & Ng (2009) and the first thmeéecipal component$>
As reported in the various papers, all of the factors havé pigdictive power for
bond risk premia. The question would be whether these greglitactors still have

predictive power once controlling for our model factors.
[Table 5 around here]
[Table 6 around here]

Itis noted that the above regressions treat the dependétirelmond risk premia on
the Wishart factors as constant over time. However, we de hanodel that predicts

11we would like to thank these authors for making their macooeemic data publicly available.

12mne gap is constructed using unrevised data on industalyation, applying a quadratic time trend.
Definition of liquidity measures can be found in Appendix C.

13e do not have access to Cieslak & Povala (2011) results ttréeir factors’ predictive power.
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the changing dependency of the risk premia and the factatdleT looks at the errors
from this prediction, and regresses the errors on otheiigihasl factors (we only use
those factors that prove to have predictive power in theipusvregressions). We
find that almost all of the other factors become insignificamtluding the principal

components. The only notable exceptiorfis the inflation factor.
[Table 7 around here]

Our finding indicates that information on the yield curveraas still sufficient
in explaining the bond risk premia. However, unlike the euatrliterature that looks
at only linear combination of information from the yield war(be it the yields, the
forward rates, or the bond returns), we also use higher enflanmation, namely the
correlation of two factors. This higher order informaticadl$ outside any possible
rotation of the linear combination of first order yields, tieneral framework of which
is discussed in Joslin, Singleton & Zhu (2011), Joslin, Le iRgieton (2011) and
Hamilton & Wu (2011). This extra information that has not besed before turns out

to provide essential information about the future yields esturns.

7. CONCLUSION

In this paper we investigate the significance of allowingddtexible specification
of the market price of risk and allowing flexible and stoclwadly correlated factors in
modelling the term structure of interest rates. We propodéshart model that is an
extension of the Wishart model in Buraschi et al. (2008) (B&d incorporating the
more flexible market price of risk given in Cheridito et al0(Z). The advantage of
this approach is that by using appropriate invariant tiamsations between different
parametrizations we can nest models with different rag&iris and therefore determine

the roles of each component.

The empirical analysis shows that relaxing both restmdiplays a crucial role in
improving the fit, as well as the forecasting, of bond vyieldsposing a restricted

market price of risk worsens the average fitting error (fast@rror) by 160% (42%)
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whereas imposing a more restricted correlation structarthe factors only worsens
the fitting errors by 120% (6%). However, given that the ulyileg factors can be
interpreted as the long yields and yield spread (correidtetween our statistical fac-
tors and the economic factors is around 98%), modellinghststic factor correlation
explicitly allows a better understanding of how change&ase factors affect the bond
yields over time. In addition, the explicit modelling of techastic correlation reveals
that market participants price correlation risk signifitarits price is more important
than the prices of the level and slope factors at the shorhaad@ium sections of the
yield curve, and only be slightly overdone by the price of lhesl factor at the long

end of the curve.

It should also be noted that though the restricted models@tras good as the gen-
eral model in fitting and forecasting bond vyields, their dlomodel performance
(in terms of fit and forecasting) is still good. The model rietibns have much larger
impact on the implied behaviour of the market price of riskk premia and there-
fore bond portfolio construction. We find that hedged pdidfobuilt under the more
general Wishart model, which allows for an extended affinekateprice of risk, out-
perform those built by more restricted models by a conshderanargin. However,
in contrast to the fitting and forecasting performance,ngknto account stochastic
correlation (with a simple market price of risk specifica)iomproves the hedging
performance significantly compared to the model that orllyna for a flexible mar-
ket price of risk. On average, imposing a restriction on tteekat prices of risk only
worsens the risk-adjusted return of the hedged portfolié.B96, whereas imposing a
restriction on the nature of the correlation between theetyohg factors worsens the

risk adjusted return by 21.2%.

In brief, we find that both a flexible specification for marketps of risk and a spec-
ification that allows for stochastic correlation betweedentying factors are important
in term structure models. However, the first specificatiom@e important for bond
fitting and forecasting, whereas the latter specificatianase important for portfolio

hedging purposes. The combination of flexible market prafessk and stochastic
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correlation also results in good predictive power for (th$se) bond risk premia. After
taking into account the prediction by the model, almost athther predictive factors
considered in the literature become insignificant. Thoswofa include the Cochrane
& Piazzesi (2005) forward factors, the Ludvigson & Ng (20@®croeconomic fac-
tors, the Cooper & Priestley (2009) output gap factor, thagpal components and
various measures of liquidity. Our bond risk premia facamescompletely spanned by

the yield curve, although higher order information of thelglicurve is needed.
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APPENDIXA. PROOFS OF ALL PROPOSITIONS

Proof of Proposition 1
Apply Ité’'s Lemma to (12) we obtain the bond return process

ap
P

= (-~ alr) U [ C()X )t 4t [O(7)dX ] (46)

I &~
+§ 112:31 u,UZZI CirCundXiged X

We replace the cross term in the last term by (22) so we obtain

n

Z i OijcuvdXij.,thuu,t (47)
i,5=1u,v=1

n

Z Z Cijcuv ((QQT)iqu'U + (QQT)quw + (QQT)iUXju + (QQT)]’Uqu)dt

i,j=1u,v=1

Now calculate each term in (47) we start with the first term

n

Z Z Oijcuv(QQT)iquv = Z (ZO’LJ(QQT)’LU) (%:Ouvxjv)

i,j=1u,v=1 ju=1 "¢

= zn: (CQQM);u(CX )y =tr[CRRTCX T =tr[CQ"CX] .

For the second term in (47) we follow the same calculationvath interchange of andj.
Similarly for the third and term we obtain the same resulhwiterchange of: andv. And the
last term again runs with pair interchange» j andu < v. These calculations lead to rewrite

the last term in (46) by

N~
©

> CiiCundXijadXyy e = 2 [CQQTCX] .
i, j=1 uw,v=1

Use this and the dynamics (7) we then rewrite the bond reti6hiGto

apP

= = (—d+UCX]+tr[(= '+ CM + MTC+20QQTC) x| )dt

r [C(de”v\/f + \/YdVNVTQT)} .

According to the no-arbitrage principle, the instantarsaeturn under the risk neutral measure

is equal to the sport ratg. The ODEs (13) and (14) are obtained by comparing the cosffisi
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with ther, given in (3).

O
Proof of Proposition 4

In order to prove this proposition we need the equation
E[tr (HdWy)tr (GAW;)] = tr (HG ")dt (48)

whereH andG aren x n constant matrices arid'; is ann x n standard Wiener process. This

is because

1,j=1 i,j=1 i,j=1

Calculating the covariance CpiX;; dX ] using the definition (1) we have
CovldX;; dX ) = E[(Qi.dwﬁ.j + Qi AWVX ) (QudW VX, + Qu.dW\/Y.u)] , (49)

whereQ);. is thei-th row of the@Q-matrix andv/X _; is thej-th column.

Rewrite each single term as

ZZ:I Wlu\/yuﬂ n n
Qi~dW\/y-j = Q. = Qa1 Z W1u\/}uj + 4+ Qin Z Wnu\/yuj
u=1 u=1
a1 WauVX

= 3N QWX = r[(Qi) T (VX)) Taw] .
v=1u=1
Apply it to E[(Q;.dW VX ;)(Q..dWVX ,)] then we have

E[(QudW VX ) (QuaWVX.,)] = Eltr ((Qu) (VA ) TdW )tr ((Qu) T (VX.) Taw )]
= tr[(Qi) T (VX)) TVX.,Quldt = tr(Qi) " X;uQu. = tr [X;,Qu.(Qi) "]t

X0(QQ T Vuidt = (QQT )i Xjudt .

The second equality is according to the precalculation. (M®w calculate each cross term in
(49) we will obtain (22).

a

Proof of Proposition 5
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Recall ve¢dX) stack the columns afX into ann? x 1 matrix so CoWwedqdX )veddX)']

contains the items CQ¥.X,;;dX .|, ¢, j,v,v = 1,--- ,nlocating in the matrix
COV[dXijquv] , COV[dX”quv] s
j:l,i:l-..,n’ PR jzl’izl.'.’n7
v=1lLu=1---,n v=nu=1---.n

CovjveddX )veddX)'] = : : . (50)
COV[dX”quv] , COV[dequv] s
j=ni=1---m, j=n,i=1---nm,
v=1lLu=1---,n v=nu=1---,n

Using this location plan we put the terms in (22) into the ixatsrm. We start with the first

term(QQ T );. X, and give its matrix expression by

QQNuX1 - (QQ7)1nXn QQNu X1 - (QQT)1nXin
(QQN)mX11 -+ (QQT)nnXn1 QQN)mXin -+ (QQT)nnXin
(QQN1Xn1 -+ (QQT)1nXm1 (QQN11Xnn -+ (QQ)1nXnn
(QQMn1Xnl -+ (QQT)anXn1 QQNn1Xnn -+ (QQT)nnXnn

= X®(QQ") = (X ®Luxn) * (Luxn ® (QQ")) -
Put the other terms in (22) into the matrix expression theraveobtain (25).
O

Proof of Proposition 6

Step 1

In order to prove (35) we prove first the factor dynamics (1denthe real world measure,
the factor dynamics (7) under the risk-neutral measure lamdhistantaneous rate relation (3)

are satisfied in the transformed system.

For (3) it is easy to check

r=a+tr(UX) =aof +tr(TEXF) .
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For factor dynamics (1) we want to sheisX * satisfies

axf = (KQEC(QO) T+ MEXE+XE(MA)T )dt+Q Wi/ XF+(/ XE(QEC) (W),

(51)
for somelV, standard independentx n Wiener process.
We first calculate
dXF = £dx, L’
(52)

= (kQEO(Q )T + MEXE + XE(MA)T ) dt + QZCdWO /XKL + Ly/Xid(WE) Q%
(53)
with M* andQ*© specified in (29) and (30).
Comparing the last term in (53) with that in (51) we need theadity held in distribution

sense
LVEAWO)T B T (54)

First both of them are x n normal distribution with mean zero. The variance of the tesm

the left hand side is calculated as given

Varlved £/ X d(W2) )]
LVX, 0 e 0 VX LT 0
0 LVX, .- 0 0 VX LT
_ ‘ E[veddW? " veddw® )] '
(n2x1) (1xn?2)
0 0 e LV 0 0
(n?xn?) (n?xn?2)
LX. LT 0 o 0
0 LX, LT 0
fr— dt .
0 0 o LX LT

And the variance of term on the right hand side is given by

Varjvedy/ X£dW,")]

VX LT
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XE 0 0 XE 0
0 XF - 0 . . XE
= ! E[veddW," )veddW," ) "] '
: : (n2x1) (1xn?)
0 0 X~ 0 0
(n2xn?) (n?2xmn?)
XFE 0 0
0 XF 0
= dt .
0 0 X£

The variance of both sides are equal so the distributiorvatprice (54) is proved.
Then apply the distribution equivalent (54) into (53) themean get (51).

For the risk-neutral dynamics (7) we follow the same arguroéthe real world dynamics

to prove

dX, = (P + MEXE + XE(ME)T)dt + QEdW,VXE + (QEdW,VXE) | (55)

2 and M~ are given by (31) and (32), an#l; is ann x n standard Wiener process under the

risk neutral measure satisfying the distribution equality
~ - dist. 7 oraoT
LA/ XedW,' =73/ XEFAW,' . (56)

Step 2

Based on Proposition 1, the no-arbitrage bond price is datvéorm of
P(t,T) = exp (af(7) + 1 (C5(n)X) ), (57)

wherea” (1) andC* () solve the ODEs

Loty = CEEIIE (15O () + 204 (1)QE0(Q50)TCA(r) — ¥ (58)
Lot = wQEOQ)TCE )] 59)

with initial conditionsC*(0) = 0 anda*(0) = 0.
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We can check easily that the solutié (7) = (L T)~1C/(7) £~ satisfies (58) and* (1) =
a(T) satisfies (59) respectively. Since the solution is unique&ezh equation we prove (35).

0
Proof of Proposition 7
We replacelW,® = OdW; = O(dW; — AvX; - A1v/X;) in (53) and obtain
dXE = (k;@w(cgw)T +MEXE + Xf(Mﬂ)T)dt
+QECO(W, — Ao/ Xy — AV/X) VLT
LV (AW, — Ao/ Xy — AVE) 0T QL
_ (kQLO(QLO)T —QFOONLT — (QLO(/)AOET)T)dt
+(ME - QECON L)X Edt + (XE)T (MF - Q“ConL™) T
+ QFCAW /X LT + L/ X dW, (Q5O)T .
Comparing the equation above with (7) we obtain the relat{@i) and (32).
0

Proof of Proposition 8

Two things need to be shown for a proof of normalization ctods. First we show these
the conditions do not restrict the WTSM so that for arbitrgiven M, Q and¥ (M can be
diagonalized) we can find a transformatiérso that the transformed parameters satisfy the
conditions S1, S2 or S3. Then we show this transformationigue.

We start with the first set S1. To a square matfvix which can be diagonalized in (1) we
applyeigen decompositioon M so thatM = LdDﬁgl whereD is a diagonal matrix and,
consists of the eigenvectors as column vectors. Replacé/tla@d consider the transformed

factor X := £;' X,(£;")", the dynamics in (1) becomes
dX{ =(kQ4Q] + DX + X{D)dt + QudWi/ X (L") T + L7/ XedW, Q) . (60)

with Qq = £;'Q.

Use the distribution equivalence (56) we have

_ dist. . _ dist.
L7 XpdW, =7/ X AW, AW/ X (L) T =T AW/ X
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Now we apply theQR decompositiofito Q] so thatQ, = RTOT whereR is an upper

triangular matrix and is an orthogonal matrix. Use it to rewrite the term

dist. . dist. .
QudWi /X (LT B RTOTaw, /x4 BN RTaw, /x4
d t t

whereW,; := OTW, is a newn x n standard Wiener process. Summarize the transformation

above the dynamics (60) becomes
dX{ = (kR"R+DX{ + XD)dt + RTdWy\/ X{ + / X#dW, R, (61)

whereD is diagonal andR " is lower triangular. Note that the sign of tih element on the

diagonal ofR can be changed by changing the sign ofétie row in ;.

In order to fit (c) we preform a re-scaling. From Propositiow&know ¥ is transformed
to W, := L, VL, SinceV is assumed to be strictly positive definite the diagonal elesin
U are positive So we can define the re-scaling diag(, /Waits s /\I/d_,m) whereV, ;;

is thei-th element on the diagonal &@f;. Consider the transformation
Xf=CcXlc=cL' X (e

We still have freedom for "sign transformation” which is

10 0 O

0 oo 0 O
S =

0 0

0 0 0 6,

This transformatiogS ™) "' wS~! gives a newr* that
\I/S = (6157\I/U) .

So this transformation keeps the sign of the diagonal @éind the requirement that the first

row of U has positive elements can

14t means a matrix can be decomposed into an orthogonal nieres a upper triangular matrix.
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Through direct calculation we know the néi, Q andW¥ obtained from (29), (30) and (34)
satisfy the conditions (al), (b1) and (c). The transforovais unique sincéL,, R,C,S) are
uniquely defined by M, Q, V).

The proof for the conditions S2 is similar with that above.ahy given square matrix/ in
(1) we applySchur decompositidhion M so thatM = L] BL, whereL, is a unitary matrix
andB is a lower triangular matr® Consider the transformed factaf? := LbXt[,J and the

distribution equivalencé, /X, dW, = \/XPdW," using (56) we can obtain
dX? = (kQuQy + BXP + X!B)dt + Qud Wi/ XP + 1/ XPdW," Q) | (62)

with Qp, := £,Q. Apply again the QR decompositi@py so thatQ, = RO whereR is an
upper triangular matrix an€ is an orthogonal matrix. Repla¢g, and consider the dynamics

of the transformed factak} := (RT)"' XR~! we can have
dX] = (k+ B, X] + X/B)dt + OTdWi\/ X}R™ + (RT)™"/XPaW, O,  (63)

whereB,. := (RT)"1BR is still lower triangular.

' , < o < dist.
Define a newn x n Wiener process$V; := OTW; and note that/iV;/ X!R~! 2
dWy /X7 due to the distribution equivalence (56). The conditior® énd (b2) are satisfied.

Condition (c) is obtained again through re-scaling.

Regarding the normalization conditions S3, we observe thigtA,Q is invariant which
meansAY = Q. Adopt the Schur decomposition thatQ = OTUO whereO is unitary

orthogonal and/ is upper triangular.

Let £L = OA;. Then based on (30) we obtain

QF° = £LQOT = OAQOT = U (upper triangular)

AL = OM LY =OA (OA) =T

Proof of Proposition 9

155chur Decomposition is stated for a square complex matuixtie transpose operatdr is actually
conjugate transpose.
18For a unitary matrixC,, £ = £; .
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The bond return under the risk neutral measure is given by

dP(t,T; X;)

m = rudt +tr [(Qth\/Z + \/ZthTQT)C(T) , (64)

with the bond having the risk neutral returpn Using the change of measure (5) and the
assumption of the market price of risk (6) we obtain the risgngia under the real world

measure, so that

dP(t,T; X})

P~ (@0 + M X)VE + VXA + XTATIQT)C(r) |t

Tt {(Qth\/Z + \/ZthTQT)O(T)}

= rodt + 2tr [Q(Ao + Ay X,)C(7)]dt + tr [(Qth\/E + \/EthTQT)C(T)} (65)
= rdt +tr [(kQQT —T)C(r)]dt + 2tr [(M — M)X,C(r)]dt (66)

+r [(QAW, /X, + VXudW[ QT)C(r)]

The excess return above the instantaneous rate is call€msbentaneous) risk premia, so we

write
Risk Premiums= ¢, = 2tr [Q(Ao + A1 X;)C(7)]
=tr [(kQQ" —T)C()] +2tr [(M — M)X,C(7)] .
APPENDIXB. ESTIMATION USING EXTENDED KALMAN FILTER
Recall that the Wishart process (1) is:
dX; = (kQQ" + MX, + X, M ")dt + QdW, /X, + /X dW, QT . (67)
The Eular-Maruyama method is used to discretize this psoaesording to
Xipn =X+ (kQQT + MX, + X, M)A + QAW /X, + VX, AW,QT . (68)

A positive control given later in equation (73) is imposedXonin order to retain the positivity
of the simulatedX;. It corresponds to fll truncation schemwhich is the best approximation

among several schemes as shown in Lord et al. (2010)XLeIEnote the column obtained by
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stacking the columns of the matriX,. The discretized dynamics can then be represented by
Xisn=f+FX,+Upin (69)

where
f=vedkQQA, F=1I.+ (L, oM+MaI,)A
and

CoMUial = (Inz + Kn ) (X ®QQT +QQT @ X)A
according to Proposition 5.

The bond yields are modelled based on the bond price form@lplut the observation of
the bond yields is contaminated with measurement errorsa le< 1 vectory, represent the
bond yields of thel different times to maturity, - - - , 7y observed at timé. The bond yield

equation is given by, so that the bond yielg; is given by
_7_11 In P(t,t + 7115 Xy)
Yy = : —j+JX +e, (70)

—T—ld In P(t,t+ 7q4; X+)

where
a(t)/m
Jj=- ;
a(7a) /74 dx1
Cu(m)/m Cor(m)/m Cra(m)/m1 Coz(m1)/T1
Jo— . . . . ’

Cul(ra)/ta Cor(ta)/ta Ci2(ta)/Ta Ca2(7a)/Ta e

X = (X11,Xo1, X12, X22) ", and the measurement errqris ad x 1 zero mean random

variable with the distributiotV'(0, 021,), i.i.d. across all time points

We summarize the algorithm of tlextended Kalman filteas follows”. LetY; denote all

the bond yields observed until Let X, = E[X,|Y;] andP,, = Cov[X,|Y;] = E[(X; —

For details see Harvey (1989).
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Xy15)(X; — Xyj5)T|Y:]. We start with the initial stateX, and the covariancé,,. The

algorithm runs iteratively and each iteration consists\af steps.

The first step, theredictionstep, predicts the states based on the lasttime\:

Xt\t—A = f"’FXt—Ahf—Av (71)

Ptlt*A = FPt7A|t7AFT +COV[Ut] .
The second step, thepdatingstep, updates the states as new informagjozomes in:

Xee = Xt|t—A =+ Kt(yt —JXi-n — j) ) (72)

Py = Pyp-a— KiJPyi_n,
where the gain matrix; is given by
K, = Pt‘t,AJTEt_‘tl_A
and the observation covariantg;
Sijp-a = JPy_aJd T + 0l

Let 7, be the prediction of the observatign= j + J)A(t‘t_A andvy;_a be the prediction
errorv; = y; — Yye—n. Note the Cofwy—alYi-a] = Xyi—a. The likelihood function
L(Yr, ©) of the observation¥; and the parameté is given by

N N

1 1
L(Yr,0) = l(yinlY(i-1)2,0) = e —O 48} ( - —szflvi) ;
il;[l 1;[1 Vort /A s, 2

wherel represents the conditional likelihood functiaiy, := ¥4 |;—1)a @andv; = via|(i-1)a-
The maximum likelihood estimatanaximizes the likelihood function based on the extended
Kalman filter method, so that

®ml = InélXL(YT, @) .

We imposepositivity control in the estimation of the Wishart model because by construc-
tion the Wishart process (1) at eatlis a positive definite matrix almost surely so that the
square root ofX; is well-defined. In the estimation the positivity cannot bhganteed due to

errors caused by the discretization (68). Also the updatteg (72) in the extended Kalman
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filter cannot guarantee that the updated faé?fgg is positive definite. The positive control for

a2 x 2 Wishart model is given by

X11,: >0, Xoos >0, Xi1:Xo2; > X12:Xo14, (73)

for all observation times and all samples. All the inequalities are required to hotitty.

The positivity control is imposed for every prediction s{€ft) and every updating step (72).

For the choice of the initial state level and state covagame do not take the unconditional
expectation of the level and covariance as in Duan and Sitodi899) but rather we treat
them as unknown parameters to be estimated. This is negdes&awo reasons: (1) the esti-
mation results later show that the initial state level isitomean level, (2) the unconditional

expectation is hard to pindown if the reversion speed is i@mwas in our case.

We adopt an iterative maximization procedure: first we mazénthe likelihood function
with respect to just the model parameters for a fixed inititeslevel and covariance and then
adjust the initial state and the covariance through the siiog algorithm. We keep iterating
the process until it converges. We found that this is a mdigieft way to obtain the maximum
because the sensitivity of the likelihood function to thiahstate level and covariance is much

lower than to the parameters, so it is difficult to attain thieimum for both simultaneously.

In terms of optimization, three methods are used: the sixnplethodf mi nsear ch*® the
gradient methodl mi nunc*®and the simulated annealing metfurovided byivat | ab. The
simplex method is a derivative-free method and is used ferirftial search of parameters.
It sometimes has problems in converging so we use the otlentethods to find the local
minimum after a global search. Note that the gradient methquriences the difficulty that
even though the method has converged according to the sgpppterion, the minimum has
not in fact been attained. The simulated annealing methtittisnost reliable method among

the three for attaining the local minimum.

185ee  http:// wwmv. mat hwor ks. cont access/ hel pdesk/ hel p/t ool box/ opt i nf ug/
fm nsearch. htm .

% mi nunc uses the BFGS Quasi-Newton method with a cubic line searobedure to search
for the minimum, sedt t p: / / www. mat hwor ks. conml access/ hel pdesk/ hel p/ t ool box/
opti mug/ fm nunc. htni .

2%0btained from Matlab Central.
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APPENDIXC. LIQUIDITY MEASURES

Commercial paper spreaid defined as the difference between the yield on a 3-month com

mercial paper and that of a 3-month T-bill.

TED spreadis defined as the difference between 3-month LIBOR rate aae¢itid on a

3-month T-bill.

10 year swap spreads defined as the difference between 10-year swap rate ayedO-

strip bond yield.

3 month T-bill spreads defined as the difference between the yield on 3-montHl Bihd

the Fed funds rate.

Moody Baa Aaa spreai$ defined as the difference between Moody’s Baa corporatd bo

yield and Moody’s Aaa corporate bond yield.

Data are downloaded from the Federal Reserve website aririblerg.
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Realized Correlation
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The monthly realized correlation is between a 30-year yéeld the yield spread (3-
Month v.s. 30-Year yields) of US STRIPS from May 1991 to JU&. It is a monthly

realized correlation calculated from daily data collediredn Bloomberg

FIGURE 1. Realized correlation
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FIGURE 2. Relations of the models
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FIGURE 3. Monthly US yield data
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ML —-EKF estimated factors (updated)
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(b) One Month Ahead Forecast
The left hand panel in (a) gives average fitting errors of threds against the time to maturity

for all three models: MCIR, WTSM and BCT. The right hand painefa) depicts the mean
square errors (MSE) of the fitting errors. The panels in (b¥itate these two error measures

for one month ahead forecasts (ie. 1-step ahead forecA#itR)recasts are in-sample.

FIGURE 6. Fitting Errors and 1-step ahead forecasts of all the Bonds
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The left hand panels gives average forecast errors of thésgainst the time to maturity for

all three models: MCIR, WTSM and BCT. The right hand panefsictéhe mean square errors
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FIGURE 7. Medium-Term Forecast of all the Bonds
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FIGURE 10. Factor contributions to the Risk Premia
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Parameter | ©,,;(MCIR)  ¢-Stat| ©,,,(WTSM)  ¢-Stat

k 20.17700 4.95 7.16420 7.39
mi -0.08463  -3.69 -0.36870  -4.76
M2 -0.04492  -3.31 -0.00743  -1.58
a1 0.02261  18.72 0.06153  204.64
q21 =0 — -0.00075 -103.5f
422 0.01838 185.47 0.00663 240.02
mi -0.18655 -165.61  -0.58970 -364.0%
M1z =0 — 0.43503 262.12
Mo =0 — 0.00732 155.11
a2 -0.00550  -73.12 -0.00802 -308.6¢
oY -0.12332 -211.5( -0.11203 -129.94
¥ =0 — 0.00909 1.48
A1 0.02779 129.62 0.03544  36.13
Ao 0.00270 187.41 0.00164 295.0(
Fo1 =0 — -0.03431 -161.97
o. (bp) 16.05 51.88 7.71  40.82
Loglik 10393 12079
LR stat 3372
x2(5,0.95) 11.07
av. Bias (bp)|  -0.00311 -0.00086
av. MSE (bp) 14.32 6.53

The column éml(v) contains the estimates of the parameters in the corresmpnoiodels us-
ing maximum likelihood methods based on the extended Kalffileger. The columns ¢-Stat”
gives the t-statistics calculated by element-wise standard deviatioThe likelihood ratio test
tests the restrictiongiz = mi2 = ma1 = Y = F2 = 0 whose statistic is given by
2(Loglik(©mi,wrsn) — Loglik(©mincir).  “x*(5,0.95)" is the 95% cutoff value for the
x2-distribution of degree 5. The “av. Bias” and “av. MSE” indie the average fitting bias and the
average mean square errors of the all eleven bond yields.

TABLE 1. Estimates for WTSM and MCIR models
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Parameters| ©,,(BCTEW) t-Stat| ©,,;(BCT)  t-Stat
k 7.28110 7.43 6.04530 102.49
miy -0.34811  -380.00 -0.35497 -147.8(
mio 1.24300  407.66 =0 —
moy 0.00543  503.09 -0.04805 -192.42
Mo -0.02701 -1034.60 -0.01919 -109.61
q11 0.23743  456.27 0.13318 151.9(
q12 -0.00588 -20.62 -0.28087 -227.7H4
22 -0.01285 -569.90 -0.03857 -386.69
Y1 0.06508  474.46 0.06031 193.8¢
P12 -0.23320 -530.16 -0.22434 -268.67
P22 1.10970 310.99 0.84357 161.82
«@ -0.11248 -129.37 =0 —
A1 2.33110 156.90 =0.58413 -
12 0.24304  148.53 =0.06549 -
A9 -0.00162 -77.28 =0.00899 -

o (bp) 7.71 40.83 12.36  49.09
Loglik 12079 11262
LR stat 1634

x%(5,0.95) 11.07

av. Bias (bp) -0.00086 2.5087

av. MSE (bp) 6.53 17.19

The columm®,,; () contains the estimates of the parameters in the corresppnuidels using maximum
likelihood methods based on the extended Kalman filter. Tihenens %-Stat” gives the-statistics cal-
culated by element-wise standard deviation. The likelihiadio test tests the restrictionsis = o =0
and I' = kQQ' whose statistic is given by (Loglik(Omiwrsn) — Loglik(©mincir).
“x%(5,0.95)" is the 95% cutoff value for the>-distribution of degree 5. The “av. Bias” and “av. MSE”
indicate the average fitting bias and the average mean seqrrars of the all eleven bond yields.

TABLE 2. Estimates for BCTEW and BCT models
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Panel 1. Assets: 3 year bonds and 10 years bond.

3Y10Y MCIR WTSM BCT | Eq Weight
Gain 0.14734| 0.16473] 0.14811| 0.67774
\olatility 0.0058739 0.0056947 0.0059831 0.017184
Sharpe Ratio| 0.12117| 0.13974| 0.11959| 0.19054
Downturn Risk| 0.0034897| 0.0034948| 0.0036371] 0.010491
Sortino Ratio 0.20396| 0.22771] 0.19673| 0.31209
Panel 2. Assets: 3 year bonds and 20 years bond.
3Y20Y MCIR WTSM BCT | Eq Weight
Gain 0.19696| 0.24418| 0.24185| 0.88733
\olatility 0.0065955| 0.0064595 0.0067319| 0.025559
Sharpe Ratio| 0.14427| 0.18262| 0.17356| 0.16772
Downturn Risk| 0.0038438| 0.0037595 0.0039921 0.015954
Sortino Ratio 0.24755| 0.31377| 0.29267| 0.26869
Panel 3. Assets: 5 year bonds and 10 years bond.
5Y10Y MCIR WTSM BCT | Eq Weight
Gain 0.20598| 0.25946| 0.25944| 0.77222
\olatility 0.0096978| 0.0093802 0.0096029 0.020153
Sharpe Ratio| 0.10261| 0.13363| 0.13052| 0.18511
Downturn Risk| 0.005825| 0.0054615| 0.0055394| 0.012413
Sortino Ratio 0.17083 0.2295| 0.22626/ 0.30055
Panel 4. Assets: 5 year bonds and 20 years bond.
5Y20Y MCIR WTSM BCT | Eq Weight
Gain 0.27738] 0.35218] 0.35352| 0.98181
\olatility 0.010471| 0.010299| 0.010601] 0.028412
Sharpe Ratio| 0.12797| 0.16519 0.1611| 0.16694
Downturn Risk| 0.0062027| 0.0058632 0.0061333 0.017721
Sortino Ratio 0.21604| 0.29017| 0.27846| 0.26766

Panel 5. Assets: 10 year bonds and 20 years bond.

10Y20Y MCIR | WTSM BCT | Eq Weight
Gain 0.41967| 0.5302| 0.51288 1.1579
\olatility 0.018574| 0.01737| 0.01761] 0.034245
Sharpe Ratio| 0.10915| 0.14746] 0.1407| 0.16335
Downturn Risk| 0.013087| 0.011334| 0.011544| 0.02179
Sortino Ratio | 0.15491 0.226| 0.21463| 0.25672

61

The columns “CIR”, “WTSM”, and “BCT"” report the statisticoif minimum variance portfolio built

using each model estimate. The “Equally Weighted” columbased on a naive portfolio consisting

of 50% of each bond. The “Portfolio Gain” is the excess retwar the whole period from 1991.04 -
2008.07. The “Sharpe Ratio” is the mean of monthly excessnaiver its volatility. The“Sortino Ratio”

is a risk measure which is defined by the excess return ovetawaside risk (DR) given in Eq. (44).
The downturn risk is calculated by BR= —— D tim <0 77 , wherer, is the empirical monthly excess

return overR; the instantaneous rafe;. R; is obtained from the WTSM and treated as a known time

series.N ™ is the number of negative excess monthly returns.
TABLE 3. Minimum variance portfolios - 2 assets
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Panel A. WTSM model
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Regressof xr)  grGv)  gp(ur)  gpGur)
Const -0.000 -0.000 -0.000 -0.00(¢
(-0.000) (-0.000) (-0.000) (-0.000)
X4 0.290 0.463 0.529 0.556
(2.203) (1.950) (2.479) (2.691)
X192 -0.934 -1.087 -1.125 -1.125%
(-5.028) (-6.449) (-6.683) (-6.572)
Xo 0.344 0.304 0.297 0.267
(2.568) (2.578) (2.650) (2.354)
AdjRsqr | 58.01% 62.65% 62.59% 60.21%
Panel B. BCT model
Regressof xrv)  grGur)  gp(yr) e (Gyr)
Const 0.000 0.000 0.000 0.00Q
(0.000) (0.000) (0.000) (0.000)
X4 0.352 0.736 0.913 0.953
(0.452) (1.066) (1.494) (1.622)
X9 0.332 0.016 -0.188 -0.217
(0.289) (0.015) (-0.208) (-0.250)
X5 0.096  0.039 0.063 0.01§
(0.206) (0.095) (0.169) (0.043)
AdjRsgr | 56.34% 60.13% 60.10% 57.09%
Panel C. MCIR model
Regressof xr(2vr)  grGur)  ppyr) gpGyr)
Const 0.000 0.000 0.000  -0.00(
(0.000) (0.000) (0.000) (-0.000)
X4 -0.660 -0.626 -0.593 -0.562
(-3.799) (-3.584) (-3.339) (-3.097)
Xo -0.268 -0.367 -0.383  -0.403
(-1.161) (-1.631) (-1.766) (-1.937)
AdjRsqr | 32.01% 28.48% 25.95% 23.97%

This table reports point estimates (in bold font) and tistias (in brackets) from a simple regression
of excess log bond returns on predictive factors. The deg@ndariable iszr?, which is the 1-year
holding period return of g—year bond over the return of a 1-year bor, X, and X1, comes from
the Wishart/BCT/MCIR models. All variables are standaedizand t-statistics are calculated based on
Newey-West adjustment with 18 lags.

TABLE 4. Bond risk premia - simple regression on predicted factors
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Panel A. Output gap

Regressor| zrvr)  gpGur) gp(lyr) gy (Gur)
Const -0.000 0.000 -0.000 -0.00¢
(-0.000) (0.000) (-0.000) (-0.000)
output gap| -0.243 -0.216 -0.194 -0.183
(-1.668) (-1.468) (-1.358) (-1.299)
AdjRsqgr | 5.42% 4.14% 3.23%  2.849
Panel B. Liquidity factors
Regressor A DA C T I D I G
Const -0.000 -0.000 -0.000 -0.00(
(-0.000) (-0.000) (-0.000) (-0.000)
Commercial paper spregd-0.235 -0.209 -0.200 -0.199
(-1.630) (-1.442) (-1.453) (-1.491)
Adj Rsqgr 5,00 3.85% 3.47%  3.469
Const -0.000 0.000 -0.000 -0.00(¢
(-0.000) (0.000) (-0.000) (-0.000)
TED spread -0.280 -0.259 -0.248 -0.24§
(-1.579) (-1.446) (-1.454) (-1.503)
Adj Rsqr 7.32% 6.19% 5.65% 5.639
Const -0.000 -0.000 -0.000 -0.00(¢
(-0.000) (-0.000) (-0.000) (-0.000)
10yr swap spread -0.350 -0.339 -0.349 -0.343
(-2.007) (-1.945) (-1.925) (-1.877)
Adj Rsqr 11.77% 11.01% 11.73% 11.28%
Const -0.000 -0.000 -0.000 -0.00(
(-0.000) (-0.000) (-0.000) (-0.000)
3m T-bill spread -0.153 -0.207 -0.205 -0.208
(-1.090) (-1.471) (-1.443) (-1.447)
Adj Rsqgr 1.83% 3.76% 3.70%  3.829
Const -0.000 -0.000 -0.000 -0.00(
(-0.000) (-0.000) (-0.000) (-0.000)
Moody Baa Aaa spread | 0.325 0.321 0.284 0.261
(2.600) (2.581) (2.304) (2.123)
Adj Rsqgr 10.06% 9.83% 7.55% 6.29%
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This table reports point estimates (in bold font) and tistias (in bracket) from a simple regression of
excess log bond returns on the output gap proposed by Coopeiestley (2009) and liquidity factors.
The dependent variable i&?, which is the 1-year holding period return ofja-year bond over the
return of a 1-year bond. All variables are standardized,testdtistics are calculated based on Newey-
West adjustment with 18 lags.

TABLE 5. Bond risk premia - simple regression on output gap and
liquidity factors
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Regressor or@vr) ppGur) () g (Gur)
Const -0.000  0.000 -0.000 -0.00(
(-0.000) (0.000) (-0.000) (-0.000)
CP 0.541 0545 0559  0.561
(4.881) (5.569) (5.913) (6.363)
Adj Rsqr 28.88% 29.30% 30.93% 31.14%
Const -0.000  0.000 -0.000 -0.00(
(-0.000) (0.000) (-0.000) (-0.000)
Fy (real) -0.690 -0.701 -0.674 -0.657

(-8.576) (-6.889) (-5.862) (-5.360)
F, (fin spread)| -0.286  -0.240 -0.237 -0.214
(-4.275) (-3.012) (-2.559) (-2.13%)
Fy (inflation) | -0.095 -0.080 -0.080 -0.067
(-4.096) (-3.063) (-2.448) (-1.886)
Fy (inflation) | -0.464 -0.361 -0.306 -0.26(

(-5.778) (-3.803) (-2.790) (-2.237)
Fy -0.119 -0.127 -0.127 -0.127
(-2.865) (-2.533) (-2.217) (-2.124)
Fg (monetary)| 0.119  0.126  0.114  0.110
(2.155) (2.001) (1.667) (1.578)
Fy (monetary)| -0.095 -0.125 -0.133  -0.143
(-2.029) (-2.471) (-2.423) (-2.581)
Fy (stock mkt)| 0.200  0.201  0.193  0.196
(3.809) (3.722) (3.199) (3.092)

Adj Rsqr 74.05% 68.05% 60.88% 56.220
Const -0.000 0.000 -0.000 -0.00(
(-0.000) (0.000) (-0.000) (-0.000)
PC1 -0.325 -0.383 -0.385 -0.392
(-2.141) (-2.782) (-2.943) (-3.046)
PC2 0.456  0.347 0.303  0.256
(3.970) (3.175) (2.708) (2.185)
PC3 0.499 0577 0600  0.598
(4.461) (5.782) (6.315) (6.272)
Adj Rsqr 57.53% 62.09% 61.96% 59.69%

This table reports point estimates (in bold font) and tistias (in bracket) from a simple regression
of excess log bond returns on predictive factors. The deg@ndariable iszr?, which is the 1-year
holding period return of @a—year bond over the return of a 1-year bond. The predictiviofadnclude
the Cochrane & Piazzesi (2005) factor, the 8 factors exdthfitom 132 macroeconomic variables as
in Ludvigson & Ng (2009), and the first 3 Principal Componendl variables are standardized, and
t-statistics are calculated based on Newey-West adjustwignl18 lags.

TABLE 6. Bond risk premia - simple regression on known predictaetdrs
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Regressor or@vr)  ppGur) () e (Gur)
Const 0.000 0.000 -0.000 0.00Q
(0.000) (0.000) (-0.000) (0.000)
CP 0.127 0.078 0.268 0.283
(1.046) (0.602) (1.452) (1.631)
Adj Rsqr 1.08% 0.08% 6.71%  7.529
Const -0.000 0.000 -0.000 -0.00(
(-0.000) (0.000) (-0.000) (-0.000Q)
£ (real) -0.024 -0.120 -0.061 -0.23(
(-0.308) (-0.758) (-0.469) (-2.047)
F (fin spread) -0.099 0.099 -0.168 -0.06(
(-1.239) (0.821) (-1.575) (-0.476)
Fy (inflation) 0.021 0.058 -0.067 0.031
(0.542) (0.852) (-1.593) (0.810)
£y (inflation) -0.418 -0.121 -0.197 -0.226
(-4.783) (-0.944) (-2.057) (-2.332)
Fy -0.089 -0.043 0.041 0.071
(-1.656) (-0.719) (0.621) (1.112)
Fy (monetary) -0.012 0.121  0.003  0.008
(-0.280) (1.899) (0.053) (0.153)
F> (monetary) -0.004 -0.081 -0.096 -0.216
(-0.053) (-1.242) (-1.119) (-2.768)
Fy (stock mkt) 0.107 0.023 -0.135 -0.10(
(1.341) (0.315) (-1.871) (-1.696)
Adj Rsqr 15.94% 3.02% 4.74% 11.94%
Const 0.000 0.000 -0.000 0.000
(0.000) (0.000) (-0.000) (0.000)
PC1 -0.075 -0.245 -0.139 -0.282
(-0.649) (-1.389) (-1.189) (-1.953)
PC2 0.404 0.011 0.196 0.162
(5.495) (0.099) (1.693) (1.284)
PC3 -0.049 0.024 0.121 0.154
(-0.593) (0.182) (0.819) (1.318)
Adj Rsqr 16.95% 4.70% 6.28% 12.93%
Const -0.000 -0.000 -0.000 -0.00(
(-0.000) (-0.000) (-0.000) (-0.000Q)
Moody Baa Aaa spread 0.181 0.348 0.186 0.256
(1.166) (2.135) (1.611) (1.883)
Adj Rsqr 2.76% 11.61% 2.95% 6.04%

Similar to the regression in Table 6, but the independeriabbes are the errors of the predicted Bond
Risk Premia after taking into account the estimated Wishadel.

TABLE 7. Bond risk premia - Regression using Wishart model pre-
diction errors



