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Abstract

This paper analyzes the consumption investment problem over the life cycle for in-

vestors with tax-deferred investment opportunities. According to the classical result of

Black (1980) and Tepper (1981) with unlimited borrowing and short-selling, bonds should

be exclusively held in these accounts. We argue that in tax-systems like the US where

tax rebates on capital losses are limited, this is not necessarily true. Since a tax loss

carry-forward is a less attractive compensation than an immediate tax rebate payment,

the di�erent taxable treatment of realized capital gains and losses increases the desirabil-

ity of holding stocks in tax-deferred accounts. Our results suggest that this feature of the

tax-code can help explaining why private investors violate the Tepper-Black result and

hold stocks in their tax-deferred accounts.
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1 Introduction

The taxable treatment of private investors' pro�ts is a potentially important factor in�uenc-

ing household portfolio structure. While pro�ts in conventional taxable accounts are taxable,

pro�ts in tax-deferred accounts are tax-exempt. As tax-law limits contributions to tax-deferred

accounts and early withdrawals are subject to a penalty tax, private investors do not only have

to decide which types of assets to hold (the so-called asset allocation problem), but also in

which type of account to hold them (the so-called asset location problem).

The departing point for research in this �eld is the work of Black (1980) and Tepper (1981),

who showed that with unlimited borrowing and short-selling, only bonds should be held in

tax-deferred accounts. However, many private investors hold substantial amounts of stocks in

their tax-deferred retirement accounts. This discrepancy between theory and behavior observed

in practice is also referred to as the asset location puzzle (Amromin (2003)). Research in this

�eld has therefore consciously focused on introducing frictions to the Tepper-Black setting

that can break the strict preference for bonds in tax-deferred accounts, which is also referred

to as a pecking-order portfolio rule. These frictions include the tax-ine�ciency of actively

managed mutual funds (Shoven and Sialm (2003)), stochastic labor income and/or wealth

shocks (Amromin (2003), Dammon et al. (2004) and Huang (2007)) as well as short-selling and

borrowing constraints (Garlappi and Huang (2006)).

This paper contributes to this line of research and shows that in addition to these factors,

the tax code itself, namely the di�erent taxable treatment of realized capital gains and losses,

can help explaining the asset location puzzle.

While pro�ts in taxable accounts are subject to taxation, pro�ts in tax-deferred accounts

remain untaxed. This non-linearity in stock returns precludes the possibility of perfect replica-

tion of stocks in a tax-deferred account with a portfolio of tax-deferred bonds and stocks. In

such a setting, the result of Black (1980) and Tepper (1981) only holds if the investor knows

in advance whether the stochastic capital gain of stocks is positive or not. In case of capital

losses, stocks are preferentially held in the taxable account to obtain a tax-loss carry-forward.

In case of capital gains, however, stocks are preferentially held in tax-deferred accounts to earn

the capital gains tax-free. In order to diversify the risk of holding stocks in �the wrong account�

it can be optimal to hold mixed portfolios in both the taxable and the tax-deferred account.

Another interesting aspect that arises from the di�erent taxable treatment of capital gains

and losses is the fact that a tax loss carry-forward that has not been used until the end of

the investor's life is forfeited. This causes the value of the tax loss carry-forward to decrease
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substantially as the investor gets older.

In general, the taxation of pro�ts has several impacts on private investors' investment be-

havior. Firstly, due to shrinking returns, investors might increase their present consumption

and decrease their present investments. Secondly, if di�erent assets are taxed at di�erent tax-

rates, taxation has an impact on optimal asset allocation. Historically, dividends and interest

payments have been taxed at a higher rate than long-term capital gains (Sialm (2007)). While

the impact of di�erent tax-rates on asset allocation can still be analyzed implicitly by adjusting

returns, volatilities, and correlations accordingly, the tax-system confronts private investors

with additional tax-rules that deserve explicit modeling.

First, in the 1980s tax-deferred accounts like IRAs and 401(k)s with favorable taxable

treatment were introduced to stimulate private savings for retirement. In particular, pro�ts

in such accounts are not subject to taxation. Furthermore, tax-deferred accounts allow one to

defer the taxation of income until withdrawal, which is an advantage to private investors facing

lower personal income tax-rates when retired than when employed. However, early withdrawals

from tax-deferred accounts are subject to a 10% penalty tax. As a result of the penalty tax and

limits on contributions to tax-deferred accounts, taxable accounts are often used as a retirement

saving vehicle, as well. Due to the di�erent taxable treatment of assets in taxable and tax-

deferred accounts, it is important to make an informed decision as to which assets to locate in

each account.

Second, capital losses cannot be o�set against other income and thus do not qualify for tax

rebates.1 This tax-rule has an unfavorable impact on the risk-return-pro�le of volatile assets as

it confronts the investor with tax-payments in case of a capital gain, but limits tax rebates for

capital losses. Instead, for realized capital losses the investor receives a tax loss carry-forward

that can be carried forward inde�nitely and can o�set against future capital gains to reduce

future tax-burden.

Third, capital gains are not only taxed at a lower rate when being realized long-term, they

also come with a tax-timing option. That is, capital gains are not taxable the moment they

occur, but the moment they are realized. This option provides the investor with an opportunity

to defer the realization of capital gains and to exploit the e�ect of compound returns, resulting

in a reduction of the e�ective capital gains tax-rate (Chay et al. (2006)). A tax-timing option

thus increases the equity exposure. However, tax-timing is associated with a risk of ending up

with an unbalanced portfolio. An asset that comes with substantial capital gains in some period

1Under current US tax-code private investors can o�set the lesser of the amount of realized capital losses
exceeding realized capital gains and $ 3,000 against other income. We do not elaborate this special feature of
the tax-code in more detail here.
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tends to increase its fraction in the investor's portfolio. If the investor does not sell some units of

that asset, the investor's portfolio may become too heavily invested in it. Hence, for assets with

an unrealized capital gain, postponing the taxation of the unrealized gain and diversi�cation

can be opposing desires. If an asset comes with an unrealized capital loss, and wash-sale rules

do not apply, Marekwica (2007) extends the classical result of Constantinides (1983) to tax-

systems where only a tax loss carry-forward is granted for realized capital losses. He shows

that it is optimal to realize that loss immediately even though that realization increases the

investor's tax-basis. In addition, the investor's compensation potentially comes as a tax loss

carry-forward, which is less attractive than a tax rebate, since the tax loss carry-forward does

not pay any interest and potentially remains unused. In this paper, we focus on the impact of

tax-deferred investing and limitations on tax rebates for capital losses and ignore the tax-timing

option.

While optimal asset allocation is intensively discussed in the economic literature, research on

optimal asset location is a more recent �eld of research going back to Black (1980) and Tepper

(1981). They analyze investment strategies of companies running de�ned-bene�t pension plans

and conclude that in the absence of tax-timing options, limits on capital loss deduction, and

short-selling restrictions, only bonds should be held in de�ned-bene�t pension plans. Auerbach

and King (1983) point out that this result can also be applied for private investors with a

tax-deferred account. Along this line, Shoven (1999) and Shoven and Sialm (1998) introduce

the asset location problem to household investment decisions.

Asset location strategies private investors follow in practice are e.g. analyzed in Bodie and

Crane (1997), Poterba and Samwick (2001) and Barber and Odean (2003). According to these

studies, private investors fail to exploit the opportunities tax-deferred accounts o�er them.

Particularly for long-term investment horizons, contribution rates have an important impact

on total �nal wealth (Gomes et al. (2006)). This is due to the tax-exemption of pro�ts in

tax-deferred accounts, which has a tremendous impact on total �nal wealth for long-investment

horizons due to the compounding on the taxes saved. It would seem that if there were no early

withdrawal penalty, all individuals would contribute to tax-deferred accounts to the limit.

Amromin (2002) and Bergstresser and Poterba (2004) point out that many investors hold

considerable amounts of equity in their tax-deferred accounts. Furthermore, according to the

study of Benartzi and Thaler (2001), private investors' equity exposure in tax-deferred accounts

and pension plans increases with the number of equity funds the investors can choose from. In

particular, many investors seem to follow simple 1
n
-diversi�cation strategies.

If investors have limited taxable wealth and face high labor income risk or wealth-shocks,
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some authors, among them Amromin (2003), Dammon et al. (2004), Amromin (2005) and

Huang (2007) argue that bonds can be the preferred asset to hold in the tax-deferred account

to avoid the penalty tax on early withdrawals and to smooth consumption over the life cycle.

However, even with substantial income shocks, Dammon et al. (2004) show that it usually still

remains optimal to hold stocks in the taxable account.

While the impact of the opportunity to invest in a tax-deferred account (see e.g. Shoven

and Sialm (1998, 2003), Dammon et al. (2004), Poterba et al. (2004), Garlappi and Huang

(2006), Gomes et al. (2006), Huang (2007) and Zaman (2007)), the impact of tax-timing on

asset allocation (see e.g. Constantinides (1983, 1984) Dammon et al. (1989), Dammon and

Spatt (1996), Dammon et al. (2001, 2004), Chay et al. (2006) and Gallmeyer et al. (2006))

have been intensively discussed in the literature, only limited guidance is available to investors

faced with tax-systems where realized capital gains and realized capital losses are subject to a

di�erent taxable treatment like in the US. Studies dealing with the portfolio problem in such

tax-systems are Ehling et al. (2007) and Marekwica (2007, 2008). However, these studies focus

on investors that do not have access to tax-deferred investment opportunities. To the best of our

knowledge, no guidance is available to investors with access to taxable and tax-deferred accounts

in a setting where realized capital gains and realized capital losses are treated di�erently. This

paper seeks to provide such guidance and shows that the di�erent taxable treatment of capital

gains and losses can help explaining the asset location puzzle.

The remainder of this paper proceeds as follows. Section 2 derives the e�ects driving optimal

asset location decisions when tax rebates on capital losses are limited. Section 3 introduces

the model and presents our numerical results. Section 4 summarizes and gives some hints for

further research.

2 E�ects of Limits on Tax Rebates

We consider a market in which the investor has the opportunity to invest into a risk-free bond

paying a pre-tax return of r > 0 and a risky stock paying a constant pre-tax dividend rate of

d > 0, and a risky capital gains rate gt in period t. The parameters τg ∈ (0, 1) and τd ∈ (0, 1)

denote the tax-rate on capital gains and losses and on dividends, interest and labor income,

respectively. αT,t denotes the fraction of stocks in the taxable account relative to taxable wealth

invested in period t. That is, αT,t is the fraction of stocks in the taxable account relative to

beginning-of-period-taxable wealth adjusted for income, consumption, and contributions to or

withdrawals from the tax-deferred account. αR,t denotes the fraction of stocks relative to tax-
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deferred retirement wealth invested in period t. In the absence of a limitation on capital loss

deduction, the investor's period t gross-return RT,t on a risky asset in a taxable account is given

by

RT,t = 1 + (1− τd) d + (1− τg) gt. (1)

In our setting however, capital losses only provide the investor with a tax loss carry-forward

that can be carried over and o�set against capital gains in forthcoming periods.2

By Gt we denote the realized capital gain (or loss) of an investor in period t and by Lt−1

we denote the tax loss carry-forward that has been carried over from period t− 1 to t, the net

capital gain (or loss) Tt in period t that is subject to the capital gains tax is given by

Tt ≡ max (Gt + Lt−1; 0) . (2)

Realized net capital losses can be inde�nitely carried over to forthcoming periods. Thus, the

tax loss carry-forward Lt that can be carried over from period t to period t + 1 is given by

Lt ≡ Gt − Tt + Lt−1. (3)

If χgt>0 denotes the characteristic function which is 1 for gt > 0 and 0 for gt ≤ 0, the gross-return

on the risky asset in the taxable account RT,t in period t is given by

RT,t = 1 + (1− τd) d +
(
1− τgχ{gt>0}

)
gt =

1 + (1− τd) d + (1− τg) gt if gt > 0

1 + (1− τd) d + gt if gt ≤ 0.

(4)

The limitation of capital loss deduction in the taxable account is an obvious disadvantage to

the investor: There is no longer a tax rebate when facing capital losses, but the investor is still

confronted with tax-payments when the capital gain is positive.

The gross-return on the risky asset in the tax-deferred account RR,t at time t is not a�ected

by a limitation on capital loss deduction due to the tax-exemption of pro�ts and is given by

RR,t = 1 + d + gt. (5)

Huang (2007) uses a tax-arbitrage argument to show that the investor should only hold bonds

2For simplicity, we do not elaborate the impact of the $ 3,000 amount that can be o�set against other income
in more detail here. We refer the reader to Marekwica (2008) for this detail. The treatment of capital losses
in this manuscript is e.g. in line with the Canadian and many European tax-codes.
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in the tax-deferred account when there is no limit on tax rebates for capital loss deduction

and the investor has the opportunity to go short in the taxable account. Her tax-arbitrage

argument considers the replication costs of one dollar of bonds C
(R)
B,u and one dollar of stocks

C
(R)
S,u in the tax-deferred account. Assuming that the tax-rate on coupon payments is higher

than on capital gains, that is, τd > τg, and the interest rate on the risk-free asset is higher than

the dividend rate on the stock, i.e. r > d, she shows that C
(R)
B,u and C

(R)
S,u are given by

C
(R)
B,u =

1 + r

1 + (1− τd) r
(6)

C
(R)
S,u =

1

1− τg

+
1

1 + (1− τd) r

d (τd − τg)− τg

1− τg

(7)

and that the replication cost in the taxable account for one dollar of tax-deferred bonds is higher

than for one dollar of tax-deferred stocks, i.e. C
(R)
B,u > C

(R)
S,u . One can thus replicate one dollar of

bonds in tax-deferred wealth by C
(R)
B,u dollars of taxable wealth in bonds. One dollar of stocks in

tax-deferred wealth can be replicated by 1
1−τg

dollars of stocks and 1
1+(1−τd)r

(
d(τd−τg)−τg

1−τg

)
dollars

of bonds in the taxable account. Due to the higher replication cost, bonds are the preferred

asset to hold in the tax-deferred account in such a setting.

If, however, capital loss deduction is limited, a stock in a tax-deferred account in period t

can no longer be perfectly replicated in a taxable account as the replicating portfolio depends

on whether the capital gain gt is positive or not. In this case, stocks in the taxable and the

tax-deferred account are only close but no longer perfect substitutes in the sense that the return

in the tax-deferred account can no longer be perfectly replicated in the taxable account.

For gt ≤ 0, the replicating portfolio for one dollar of stocks in the tax-deferred account is

one dollar of stocks and τdd
1+(1−τd)r

dollars of bonds in the taxable account. Its replication cost

C
(R)
S,l is given by

C
(R)
S,l = 1 +

τdd

1 + (1− τd) r
< C

(R)
B,l (8)

in which C
(R)
B,l = 1+r

1+(1−τd)r
is the replication cost for one dollar of bonds in the tax-deferred

account. Since the risk-free asset does not come with any capital gains or losses its replication

cost is the same as in a tax-system with unlimited capital loss deduction.

For gt > 0 the replicating portfolio thus is the same as in the case with unlimited tax rebates

for capital losses and thus consists of 1
1−τg

stocks and 1
1+(1−τd)r

(
d(τd−τg)−τg

1−τg

)
dollars of bonds

in the taxable account. As C
(R)
S,u < C

(R)
B,u = C

(R)
B,l , the replicating portfolio for both gt > 0 and

gt ≤ 0 is more expensive for bonds than for stocks in the tax-deferred account.

As one can see, unconditional on the sign of capital gains, bonds are more expensive to
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replicate in the taxable account than stocks. This implies that given gt ≤ 0 or gt > 0 bonds

have their preferred location in the tax-deferred account if the replication cost of tax-deferred

wealth in the taxable account is state independent at each point in time (Huang (2007)).

However, this does not imply that bonds are the preferred asset to hold in the tax-deferred

account. This is due to the fact that the replicating portfolios for gt ≤ 0 and gt > 0 are

di�erent. If the investor chooses the replicating portfolio for gt ≤ 0, but gt turns out to be

positive, the return of the replicating portfolio is given by

1 + d + gt (1− τg) < 1 + d + gt. (9)

In this case, the return of the replicating portfolio is lower than in the tax-deferred account,

due to the taxation of capital gains in the taxable account. If, on the other hand, the investor

chooses the replicating portfolio for gt > 0, but gt turns out to be negative, the return of the

replicating portfolio is given by

1 + d +
gt

1− τg

< 1 + d + gt. (10)

Again, the return of the replicating portfolio is below the return of one unit of stocks in the

tax-deferred account. Hence, in addition to the uncertainty about the return of the risky asset,

replication itself is another source of risk. In contrast to the setting in Huang (2007) with

limits on tax rebates there is no longer a dominating asset location strategy. In the presence

of limits on tax rebates for capital losses, it can be optimal to hold stocks in both taxable and

tax-deferred accounts for two reasons.

First, whereas so far, the focus of our analysis has been on the impact of asset location

decisions for cash �ows, the asset location decision also has an impact on a future tax loss

carry-forward. An investment strategy that does not invest heavily in stocks in the taxable

account in some given period potentially generates a small tax loss carry-forward that has a

high probability of being entirely used in future periods In contrast, an investment strategy

that does invest heavily in stocks in the taxable account potentially generates a huge tax loss

carry-forward that has a lower probability of being entirely used in future periods. It can

be optimal to invest in stocks in both the taxable and the tax-deferred account to have the

opportunity of generating a small tax loss carry-forward, while avoiding generating a high tax

loss carry-forward with a lower probability of being entirely used.

Second, for negative returns, stocks are better held in the taxable account to have the op-
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portunity of being compensated for capital losses with a tax loss carry-forward. For substantial

positive returns, however, stocks are better held in the tax-deferred account to bene�t from

the tax exemption of capital gains in the tax-deferred account. Thus, holding stocks in both

taxable and tax-deferred accounts can be part of a diversi�cation strategy. Consequently, limits

on tax rebates for capital losses can help explaining the asset location puzzle.

Due to the di�erent taxable treatment in tax-deferred and taxable accounts, shifting assets

between these two accounts changes their risk-return pro�les. While shifting bonds from a

taxable to a tax-deferred account increases their return by τdr, shifting stocks from the taxable

to the tax-deferred account increases their return by τdd + τggt in a tax-system with unlimited

capital loss deduction and by τdd+τgχ{gt>0}gt in a tax-system with limits on tax rebates. Thus,

stocks are less attractive in the taxable account in the tax-system without tax rebates on capital

losses. This is because the taxable treatment for positive returns remains the same, while for

negative returns the investor is not compensated for losses in cash, but instead with a tax loss

carry-forward that � in contrast to tax rebates � does not pay any interest and bears a risk

of never being used. The second source of risk is especially important for aged investors with

higher mortality rates.

In a tax-system with unlimited tax rebates on capital losses, the tax-deferred account pro-

vides an investor with the opportunity of either earning a safe τdr extra dollars per dollar of

bonds in the tax-deferred account or τdd + τggt extra dollars for each dollar of stocks in the

tax-deferred account in period t. In particular, as τggt is negative for gt < 0, the tax-exemption

of pro�ts in the tax-deferred account can be a disadvantage to the investor since there are no

tax rebates on capital losses in tax-deferred accounts. In a tax-system without tax rebates

on capital losses, the tax-deferred account provides an investor who has no initial tax loss

carry-forward with the opportunity of either earning a safe τdr extra dollars and a tax loss

carry-forward of τggt dollars, if gt < 0, per dollar of bonds shifted to the tax-deferred account

or a safe τdd extra dollars and an extra τggt extra dollars if gt > 0, per dollar of stocks shifted

to the tax-deferred account.

While in the tax-system with unlimited capital loss deduction, shifting stocks from the

taxable to the tax-deferred account increases the order of magnitude of a potential capital

loss, this does not hold in a tax-system without capital loss deduction. Thus, shifting stocks

from the taxable to the tax-deferred account does not increase the downside risk, but increases

the upside potential. However, for negative capital gains, stocks have their preferred location

in the taxable account due to the tax loss carry-forward granted for incurred losses and the

preferential taxable treatment of bonds in the tax-deferred account.
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Table 1 summarizes the e�ects of shifting assets from the taxable to the tax-deferred account

in tax-systems without tax rebates on capital losses and unlimited tax rebates.

Table 1 about here

If, however, the investor is endowed with an initial tax loss carry-forward, potential capital

gains in the taxable account not exceeding that tax loss carry-forward can be earned tax-free

by making use of the tax loss carry-forward. In that case, shifting stocks to the tax-deferred

account only allows the investor to earn τdd extra dollars, whereas shifting bonds to the tax-

deferred account allows her to earn τdr > τdd extra dollars per dollar invested in the tax-

deferred account. Thus, for investors that are endowed with an initial tax loss carry-forward

of substantial size, holding bonds in the tax-deferred account increases their total wealth more

than holding stocks in the tax-deferred account.

However, due to penalties on early withdrawal, the opportunity to earn pro�ts tax-free and

maximum contribution limits in tax-deferred accounts, taxable and tax-deferred wealth are

imperfect substitutes. Besides the impact on total wealth, the distribution on future taxable

and tax-deferred wealth can have an impact on the optimal investment decision as well.

3 Numerical Evidence

Having introduced optimal asset location decisions in tax-systems with di�erent taxable treat-

ment of capital gains and losses, we now focus on the optimal asset location and asset allocation

over the life cycle in a numerical setting. We consider an economy consisting of investors living

for at most T years that can only trade at time t = 0, 1, . . . , T . F (t) denotes the probability

that the investor is still alive through period t (t ≤ T ). Investors in that economy derive utility

from the consumption of a single good and have CRRA-utility with parameter of risk-aversion

γ ∈ [0,∞). The parameter γ represents the investor's willingness to substitute consumption

among di�erent states in time. It also represents the elasticity of consumption, which is given

by 1
γ
. Given an initial endowment, the investor optimizes the discounted expected utility of

lifetime consumption and bequest, subject to the intertemporal budget constraint. Following

Dammon et al. (2001), we assume that at the time of death, the investor's remaining wealth

is used to purchase an H-period annuity payable to the investor's bene�ciary and that the H-

period annuity provides the bene�ciary with nominal consumption of AHWt (1 + i)k−t at date

k (t + 1 ≤ k ≤ t + H), in which AH ≡ r∗(1+r∗)H

(1+r∗)H−1
is the H-period annuity factor, Wt is the sum
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of the investor's taxable and after-tax tax-deferred wealth, and r∗ ≡ (1−τd)r−i
1+i

is the after-tax

real bond return. For simplicity, the bene�ciary is assumed to have the same preferences as

the investor. On this assumption, H can be interpreted as a measure for the strength of the

investor's bequest motive. High values of H denote a strong bequest motive and low values

denote a weak bequest motive. The parameter β represents the investor's utility discount factor

and i is a constant annual in�ation rate. If Ct denotes the investor's consumption, Zt the con-

tribution to (or withdrawal from) the tax-deferred account that is limited by some upper bound

Bt, i.e. Zt ≤ Bt, τp is the penalty tax-rate applicable to early withdrawals from tax-deferred

accounts, At is the investor's age in period t, J is the investor's mandatory retirement age, and

Nt is the investor's non-�nancial income in period t, the investor's optimization problem over

the life cycle can be expressed as

max
Ct,αT,t,αR,t,Zt

E

[
T∑

t=0

βt

[
F (t)U

(
Ct

(1 + i)t

)
+ [F (t− 1)− F (t)]

t+H∑
k=t+1

βk−tU

(
WtAH

(1 + i)t

)]]
(11)

subject to

Wt = WT,t + (1− τd) WR,t t = 1, . . . , T (12)

WT,t = Nt (1− τd) + QT,t−1

(
αT,t−1 (1 + (1− τd) d + gt−1)

+ (1− αT,t−1) (1 + (1− τd) r)
)
− τgTt−1 t = 1, . . . , T (13)

QT,t = WT,t − Ct − Zt

(
1− τd − τpχ{Zt<0}∩{At<J}

)
t = 0, . . . , T − 1 (14)

WR,t = QR,t−1

(
αR,t−1 (1 + d + gt−1) + (1− αR,t−1) (1 + r)

)
t = 1, . . . , T (15)

QR,t = WR,t + Zt t = 0, . . . , T − 1 (16)

QT,t, QR,t, Ct ≥ 0; αT,t, αR,t ∈ [0, 1]; Zt ≤ Bt t = 0, . . . , T − 1 (17)

given the investor's initial taxable wealth WT,0, the initial tax-deferred wealth WR,0 and the

initial tax loss carry-forward L−1. F (−1) is set equal to one to indicate that the investor is alive

at the end of period 0. U(.) denotes the utility function of the investor and the bene�ciary.

According to equation (11), the investor's current expected utility is a weighted sum of utility

from consumption and utility from bequest. Equation (12) de�nes the investor's beginning-

of-period-wealth Wt at time t to be the sum of taxable wealth WT,t and WR,t that part of

tax-deferred retirement wealth that does not fall to the treasury at withdrawal.

Equation (13) describes the evolution of wealth in the taxable account. WT,t is the investor's

taxable wealth in period t before consumption and investment decisions. QT,t−1 is the investor's

taxable wealth invested in period t − 1 after consumption, contributions or withdrawals, and
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the tax-payments or tax-rebates resulting from the contribution or withdrawal. Equation (14)

is the investor's budget constraint. It shows how the investor's reinvestable wealth in the

taxable account depends on consumption as well as the contribution or withdrawal from the

tax-deferred account.

Equations (15) and (16) de�ne the evolution of wealth in the tax-deferred account. Equation

(15) shows the evolution of wealth WR,t in the tax-deferred account. QR,t−1 is the investor's

tax-deferred wealth invested from period t − 1 to period t. Equation (16) de�nes QR,t. If

the investor dies before retirement age, we assume that the penalty tax on early withdrawal

does not apply, which, among other reasons, can be the case if the bene�ciary is the investor's

spouse.

By letting Xt denote the vector of the investor's state variables, Vt(.) the investor's value

function at time t, and f(t) the probability of surviving from period t to t + 1, and taking into

account that
k+H∑

k=t+1

βk−t =
β (1− β)H

1− β
(18)

as shown in Dammon et al. (2001), the optimization problem can also be stated as

Vt(Xt) = max
Ct,αT,t,αR,t,Zt

[
f(t)U

(
Ct

(1+i)t

)
+ f(t)βEt [Vt+1 (Xt+1)]

+ (1− f(t))
β(1−βH)

1−β
U

(
AHWt

(1+i)t

) ]
(19)

for t = 0, . . . , T − 1 subject to equations (2), (3) and (12) to (17) with vector of state variables

Xt = [WT,t, WR,t, Lt−1] (20)

and terminal condition VT (XT ) = U
(

AHWT

(1+i)T

)
. Following Dammon et al. (2004), we assume that

non-�nancial income Nt is a constant multiple of Wt, i.e. n ≡ Nt

Wt
(t ∈ NJ ≡ {t ∈ N|t ≤ J}) is a

constant during the accumulation phase and a multiple of n that is given by the replacement

rate λ during retirement. We further assume that bt ≡ Bt

Wt
is an exogenously given constant

during the investor's working age.

When the investor is retired, we do not allow any further contributions and require the

investor to withdraw at least a fraction of 1
E[L(At)]

of the remaining tax-deferred wealth when

the investor is aged 70.5 and older where L(At) is the remaining life-expectancy of an investor

at age At. The optimization problem can then be simpli�ed by normalizing both the objective
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function and the constraints by Wt. We let wR,t ≡ (1− τd)
WR,t

Wt
denote the fraction of total

beginning-of-period-wealth in the tax-deferred account that e�ectively belongs to the investor.

qT,t ≡ QT,t

Wt
is the investor's taxable wealth after transactions relative to beginning-of-period-

wealth and qR,t ≡ (1− τd)
QR,t

Wt
is the investor's retirement wealth after transactions relative to

beginning-of-period-wealth. The investor's initial tax loss carry-forward beginning-of-period-

wealth ratio is lt ≡ Lt−1

Wt
. zt ≡ Zt

Wt
is the investor's contribution-wealth-ratio, and ct ≡ Ct

Wt
is the

investor's consumption-wealth-ratio. Finally,

δt ≡
Gt

QT,t

= αT,tgt (21)

is the investor's capital gain per dollar invested in the taxable account from period t to t + 1.

The investor's taxable capital gains wealth ratio tt ≡ Tt

Wt
is then given by

tt = max (δtqT,t + lt−1, 0) (22)

in which qT,t = 1−wR,t − ct − zt

(
1− τd − τpχ{zt<0}∩{At<J}

)
de�nes the ratio between QT,t and

Wt. If

µT,t = αT,t

(
1 + (1− τd) d + gt

)
+ (1− αT,t)

(
1 + (1− τd) r

)
(23)

and

µR,t = αR,t

(
1 + d + gt

)
+ (1− αR,t)

(
1 + r

)
(24)

denote the investor's return per dollar invested in the taxable account and the tax-deferred

account before capital gains tax payments, respectively, the evolution of the investor's total

wealth is given by
Wt+1

Wt

=
qT,tµT,t − τgtt + qR,tµR,t

1− nt+1 (1− τd)
. (25)

For the evolution of the investor's tax-deferred retirement wealth, it holds that

wR,t+1 = qR,tµR,t
Wt

Wt+1

, (26)

and the evolution of the investor's tax loss carry-forward is given by

lt ≡
Lt

Wt+1

=
Lt

Wt

Wt

Wt+1

= (δtqT,t − tt + lt−1)
Wt

Wt+1

. (27)
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By de�ning vt(xt) ≡ Vt(Xt)�
Wt

(1+i)t

�1−γ to be the normalized value function, and ρt ≡ Wt+1

Wt(1+i)
to be the

real growth rate of total wealth in period t, the assumption of CRRA-utility assures that the

investor's objective function can be rewritten as

vt(xt) = max
ct,αT,t,αR,t,zt

[
f(t)U(ct) + f(t)βE

[
vt+1 (xt+1) ρ1−γ

t

]
+ (1− f(t))

β
(
1− βH

)
1− β

U (AH)

]
(28)

with vector of state-variables

xt = [wR,t, lt−1] . (29)

The investor's optimization problem can then be rewritten as

max
{ct,αT,t,αR,t,zt}T−1

t=0

v0 (x0) (30)

subject to vT (xT ) = U (AH), qT,t, qR,t, ct ≥ 0, αT,t, αR,t ∈ [0, 1], zt ≤ bt and equations (21)

through (27).

For the numerical analysis, it is assumed that annual in�ation is i = 3.5%, mandatory

retirement age is J = 66, such that the investor still works at age 65 and retires when turning

66. It is further assumed that exogenous income nt is 0.15 during the accumulation phase and

0.105 during retirement, corresponding to a replacement ratio of λ = 70%.3 The risk-free rate

is set to r = 6%, the return on equity is lognormally distributed, independent in time, and

comes with an expected capital gain of µ = 7% (t ∈ NT ), a standard deviation of σ = 20.7%

(which corresponds to a standard deviation of the real return of about 20%), and a constant

dividend rate of d = 2% in each period.

The correct choice of the risk-premium for equity has been subject to numerous theoretical

and empirical research (see Siegel (2005) for a survey). While the historical risk-premium has

been about 6% in the US since 1872 (Mehra and Prescott (1985)), economists doubt whether

this will be true in future periods. We follow the current consensus which is about 3% to 4%

(see e.g. Dammon et al. (2001, 2004), Cocco et al. (2005) or Gomes and Michaelides (2005)).

The tax-rate on interest, dividends and income is assumed to be τd = 36%. The tax-rate on

realized capital gains is assumed to be τg = 20%.4 This choice of parameters follows Gallmeyer

3Ideally, non-�nancial income should be introduced into our model with its own stochastic process. However, this
would require increasing the number of state variables and signi�cantly complicate our numerical analysis. We
therefore follow recent literature (see e.g. Dammon et al. (2001, 2004)) and assume the investor's non-�nancial
income to be a constant proportion of her beginning-of-period wealth. However, since present savings do not
only increase future wealth, but also future non-�nancial income, this assumption overstates the importance
of present savings.

4Since the tax-rate on long-term capital gains is equal to the tax-rate on dividend income, we thereby implicitly
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et al. (2006) and is quite similar to that of Dammon et al. (2004).

For this parameter choice, the asset location problem is the problem of whether the investor

prefers a safe extra return of τdr = 0.0216 and a tax loss carry-forward of τggt for gt < 0 per

dollar of bonds in the tax-deferred account in period t, or a safe extra return of τdd = 0.0072

and an extra return of τggt where gt ≥ 0 for each dollar of stocks held in the tax-deferred

account in period t.

We consider an investor who makes decisions annually starting at age 20 (t = 0). The

maximum age the investor can attain is set to 100 years (T = 80). It is assumed that the relative

risk-aversion of the investor is γ = 3 and the annual subjective utility discount factor is β = 0.96.

The data for the survival probabilities of our investor were set equal to the survival probabilities

for female investors according to the 2001 Commissioners Standard Ordinary Mortality Table.

During the accumulation phase until retirement age J , the maximum contribution is set to

bt = 5% (t ∈ NJ−1). When the investor is retired, we do not allow any further contributions

and require an investor at age At with remaining life-expectancy of L(At) to withdraw at least

a fraction of 1
E[L(At)]

of the remaining tax-deferred wealth when the investor is aged 70.5 and

older. Initially, H is set to H = 10 in the bequest function, indicating that the investor wished

to provide the bene�ciary with an income stream for the next 10 years. This set of parameter

values is referred to as the base case scenario. Table 2 summarizes these base-case parameters.

Table 2 about here

Our optimization problem can be solved numerically using backward induction. The state-

space for the vector of endogenous state-variables xt = [wR,t, lt−1] is spanned over a 51 × 51

grid with equally distributed grid points on [0, 1] and [−0.5, 0], respectively, for each period t.

For values of [wR,t, lt−1] within the grid, cubic spline interpolation is performed. The integral

of the expectation in equation (30) is computed using Gaussian quadrature.

In the following, we present our numerical results for the optimal consumption-investment

problem in the presence of taxes, limits on tax rebates for capital losses and short-sale restric-

tions. The model is �rst solved for the base-case parameters. To demonstrate the e�ect of

limits on tax rebates for capital losses and tax-deferred investment opportunities, the model

is also solved for a setting with unlimited tax rebates for capital losses and a setting without

a tax-deferred account. These two settings serve as benchmarks for our forthcoming analysis.

assume that the capital gains qualify for long-term treatment. The case with τg = τd = 0.36 is analyzed in
section 3.4.
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The optimal consumption policy is considered in section 3.1, and the optimal investment policy

is analyzed in section 3.2. Section 3.3 provides a simulation analysis on the optimal path and

shows the evolution of the investor's state and decision variables over the life cycle. Section

3.4 examines the sensitivity of the optimal investment and liquidation policies to various model

parameters.

3.1 Optimal Consumption Policy

We begin the discussion of our numerical results by presenting the investor's optimal consump-

tion policy over the life cycle depending on age, the fraction of wealth in the tax-deferred

account and an initial tax loss carry-forward the investor is potentially endowed with. As

benchmark cases, we consider an investor in a tax-system with unlimited capital loss deduction

and an investor who does not have the opportunity of locating funds in a tax-deferred account.

The relation between the optimal consumption-wealth ratio and age depends heavily on the

investor's bequest motive. As the investor ages, her mortality rate increases and the impact

of the bequest motive on her consumption decision increases. Investors with strong bequest

motives will decrease their consumption-wealth ratio; while in contrast, investors with low levels

of bequest motive will increase their consumption-wealth ratio. The bequest motive used in the

base-case is not so strong that the investor decreases her consumption throughout her entire

life nor is it so weak that she increases her consumption throughout her entire life. Due to

tax-e�ects and a replacement ratio below one, the investor decreases her consumption until

retirement age and increases it again afterwards.

However, the optimal consumption-wealth ratio does not only depend on age, but also on

the investor's initial tax loss carry-forward and the distribution of her wealth to the taxable

and the tax-deferred account. The higher the tax loss carry-forward is, the more advantageous

the risk-return pro�le of equity in the taxable account, and thus the higher the increase of

potential future consumption for each dollar that is not consumed today. The higher the

investor's fraction of wealth in the tax-deferred account, the higher the investor's expected

return on her total wealth. Thus, to generate the same expected wealth in the forthcoming

period, an investor who has a high fraction of tax-deferred wealth can consume more than an

investor who has a small fraction of tax-deferred wealth.

Figure 1 about here

Figure 1 depicts the optimal consumption-wealth ratios of an investor in our base-case setting
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who is endowed with either no initial tax loss carry-forward (l = 0, left graph), or an initial tax

loss carry-forward of 10% of her beginning-of-period wealth (l = −0.1, right graph).

The investor's optimal consumption depends on both age and the fraction of tax-deferred

wealth. The optimal consumption is strictly increasing in tax-deferred wealth except for very

high levels of tax-deferred wealth where the investor has to withdraw from her tax-deferred

account to �nance consumption. This is due to the fact that tax-deferred wealth provides the

investor with higher returns than taxable wealth due to the tax-exemption of pro�ts. Due

to the tax-exemption of pro�ts in tax-deferred accounts, one dollar of tax-deferred wealth is

worth more than one dollar of taxable wealth if the investor can avoid the penalty-tax on

early withdrawal (Dammon et al. (2004), Poterba (2004)). Hence, with a higher level of tax-

deferred wealth, the investor can attain the same level of next-period-wealth by investing a lower

amount of wealth today. Furthermore, the investor can both increase her present consumption

by consuming some part of the di�erence between the amount of wealth needed in the absence

of a tax-deferred investment opportunity and the amount needed in the presence of tax-deferred

investment opportunities, and investing the remainder. Young investors, however, face penalties

on early withdrawals from tax-deferred accounts.

Prior to the retirement age of 66, the investor's consumption gradually decreases. This

re�ects the fact that at retirement age, the investor's non-�nancial income sharply decreases. To

keep up a certain level of consumption, the investor builds up capital she can use to compensate

for the decrease in non-�nancial income when she reaches retirement age.

Over the life cycle, the investor faces two structural changes in the taxable treatment of

her wealth. First, having attained retirement age, the investor is not allowed to make any

further contributions to the tax-deferred account, but is allowed to withdraw from it. For

an investor with very high levels of tax-deferred wealth, the opportunity to withdraw funds

from the tax-deferred account is an advantage since it allows her to consume without being

confronted with the tax-penalty on early withdrawal. Hence, having attained retirement age

consumption increases signi�cantly.5 Investors with lower levels of tax-deferred wealth, how-

ever, does not consider the opportunity of withdrawing funds from the tax-deferred account a

tremendous advantage, since she is endowed with su�cient amounts of taxable wealth. The

upper bound on contributions of zero prevents such investors from shifting taxable wealth to

tax-deferred wealth for earning higher returns. The investor thus can no longer increase returns

by shifting the location of assets, which reduces the intertemporal rate of consumption, and

5Due to the assumption of non-�nancial income increasing taxable wealth, the base-case investor can never end
up in such a state. In section 3.4 we consider an investor who does not have non-�nancial income.
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makes current consumption more attractive due to the decreasing premium on consumption

deferral. Consequently, the consumption level increases having attained retirement age. Sec-

ond, at age 70.5 the investor is subject to the minimum withdrawal rules which force her to

withdraw at least a fraction, equal to one divided by her remaining life expectancy, from her

tax-deferred account. Due to this forced withdrawal, the investor's return is decreasing since

assets in the tax-deferred account are not subject to taxation of pro�ts while assets in the

taxable account are. Hence, the appeal of current consumption increases as the premium for a

deferral of consumption decreases. This is why starting at age 70.5, the slope of the investor's

consumption increases with time even stronger than before.

Compared to the benchmark case with no tax-deferred account (not shown here), the in-

vestor's optimal consumption is signi�cantly higher, since the tax-deferred investment opportu-

nity allows the investor to generate substantially higher returns than investments in the taxable

account. Compared to the benchmark case with unlimited capital loss deduction, the investor's

optimal consumption does not change signi�cantly.

Figure 1 further shows that the level of an initial tax loss carry-forward does not have a

signi�cant impact on optimal consumption. However, an initial tax loss carry-forward does

have a tremendous impact on the optimal investment policy. In particular, it has a strong

impact on optimal asset location.

3.2 Optimal Investment Policy

Having discussed the optimal consumption policy in the previous section, we now turn to

the optimal investment policy in the presence of tax-deferred investment opportunities and

limitations on capital loss deductions.

In the absence of tax-deferred investment opportunities (not shown here), there is no longer

an asset location problem. In that case, di�erences in the investor's equity exposure only

depend on the remaining investment horizon and the level of the initial tax loss carry-forward.

Not very surprisingly, the investor's equity exposure tends to increase with an increasing initial

tax loss carry-forward. This is due to the fact that in the presence of a tax loss carry-forward,

the risk-return-pro�le of the asset becomes more advantageous to the investor. Furthermore,

for low levels of initial tax loss carry-forward, the investor's equity exposure decreases when

the investor ages. This is due to the fact that because by investing into equity, the investor

faces a high probability of generating a tax loss carry-forward that potentially cannot be used

anymore.
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Without limits on capital loss deduction, the tax-arbitrage argument of Huang (2007) sug-

gests that the investor should hold her entire tax-deferred wealth in bonds. Our numerical

analysis con�rms this �nding.

Figure 2 about here

Figure 2 depicts the relation between the investor's optimal equity exposure in both the taxable

and the tax-deferred account and the fraction of beginning-of-period-wealth in the tax-deferred

account and her age for an investor in our base-case setting who is either endowed with no initial

tax loss carry-forward (l = 0, upper graphs), endowed with an initial tax loss carry-forward of

4% of beginning-of-period wealth (l = −0.04, middle graphs), or endowed with an initial tax

loss carry-forward of 10% of her beginning-of-period wealth (l = −0.1, lower graphs).

The upper left graph shows the optimal equity proportion in the taxable account for an

investor who is not endowed with an initial tax loss carry-forward. The upper right graph

shows the optimal fraction of stocks in the tax-deferred account. When the investor is young,

more stocks are held in the taxable account as the certain tax-gift in the tax-deferred account

of τdr extra dollars and the tax loss carry-forward of τggt in period t is very attractive when she

is young and can expect to make use of the tax loss carry-forward at a signi�cant probability.

In contrast, if the investor is old, stocks are preferentially held in the tax-deferred account.

This is due to the fact that for an old investor, the probability of using the entire tax loss

carry-forward in future periods is much lower than for a young investor. That is, a safe extra

return of τdd plus an extra return of τggt if gt > 0 in period t tends to be more attractive for

a young investor than a safe τdr extra dollars and a tax loss carry-forward of τggt dollars if

gt < 0. However, to hold a well diversi�ed portfolio, it can be rational to hold stocks in both

the taxable and the tax-deferred account.6

During the accumulation phase, the investor takes advantage of that diversi�cation strategy

and holds stocks both in her tax-deferred and her taxable account. Having attained retirement

age, she preferentially locates bonds in the tax-deferred account. This preference is caused by

two tax-e�ects.

First, having passed age 70.5, the investor is subject to the minimum withdrawal rules such

that an increase in the return on tax-deferred wealth does not only increase tax-deferred wealth,

6The optimal equity proportion of one in the taxable account for high levels of tax-deferred wealth is a side-
e�ect of the modeling. Whereas tax-deferred wealth is measured as beginning-of-period tax-deferred wealth,
the optimal equity proportion in the TA is given as a fraction of the investor's taxable wealth after consumption,
contributions to and withdrawals from the taxable account. This modeling allows us to reduce the number of
decision variables. Since the investor's optimal consumption is roughly 10%, she has no taxable wealth left
that can be reinvested and thus any equity proportion in the taxable account is optimal.
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but also increases the minimum withdrawal in forthcoming periods, which in turn decreases

the appeal of tax-deferred investing.

Second, having passed retirement age, the investor is no longer allowed to contribute to the

tax-deferred account. Since the investor's equity exposure in the taxable account is above the

equity exposure in the tax-deferred account, and taxable wealth can no longer be decreased

by contributing to the tax-deferred account, the optimal equity exposure in the tax-deferred

account is decreasing. Accordingly, the minimum distribution rules increase the investor's

taxable wealth, which in turn causes her to decrease her taxable equity exposure when she

passes age 70.5.

When investors are very old, these e�ects are outweighed by the high probability of gener-

ating a tax loss carry-forward that cannot be used anymore due to increasing mortality rates.

Consequently, the tax loss carry-forward has a low value for the investor, which causes her to

increase her stock holdings in the tax-deferred account and decrease her equity exposure in the

taxable account when approaching her maximum age of 100.

Our results show that the di�erent taxable treatment of capital gains and losses can help

explaining why it can be optimal to hold mixed portfolios in both the taxable and the tax-

deferred account. In contrast to Amromin (2003) and Dammon et al. (2004) who require quite

strong labor income or wealth shocks (a 0.5% probability of loosing 99% of labor income or

a requirement to consume 50% of total wealth) our assumptions that are su�cient to cause

the investor to hold mixed portfolios seem quite mild. This result is due to the reason that in

Amromin (2003) and Dammon et al. (2004) shocks only come with a low probability are only

temporary while the di�erent taxable treatment of capital gains and losses in our setting has a

permanent impact.

The middle left graph of Figure 2 shows the optimal equity exposure in the taxable account

of an investor who is endowed with an initial tax loss carry-forward of 4% of her initial total

wealth. Compared to the case without a tax loss carry-forward, there are two important

di�erences.

First, the investor's equity exposure in the tax-deferred account at high age decreases while

her equity exposure in the taxable account increases in comparison to the case with no initial

tax loss carry-forward. If the investor is endowed with an initial tax loss carry-forward, her

equity exposure in the taxable account is signi�cantly above her equity exposure in the absence

of an in initial tax loss carry-forward. This is due to the fact that the tax loss carry-forward

changes the risk-return-pro�le of equity in the taxable account in an attractive manner. The

increase in the investor's equity exposure is such that her tax loss carry-forward su�ces to cover
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potential capital gains at a satisfactory probability. Consequently, the investor decreases her

equity exposure in the tax-deferred account to avoid getting too heavily invested into equity.

Second, in the presence of a small tax loss carry-forward, a retired investor holds stocks in

the tax-deferred account for lower levels of tax-deferred wealth than in the absence of a small

tax loss carry-forward. This is because when endowed with a substantial tax loss carry-forward,

the investor holds 100% of stocks in the taxable account for a lower level of initial tax-deferred

wealth and thus can only increase her equity exposure by holding additional stocks. To avoid

ending up with a very small equity exposure, the investor holds some tax-deferred equity as

an imperfect substitute for taxable equity as well. Again, bonds are the preferred asset in the

tax-deferred account during retirement.

With increasing length of the investment horizon, i.e. for younger investors, a higher tax

loss carry-forward becomes more attractive, as the investor may expect to live longer and thus

the probability of making use of the tax loss carry-forward increases. That is, with decreasing

age, the investor increases her equity exposure in the taxable account and decreases her equity

exposure in the tax-deferred account.

The lower left graph of Figure 2 shows the optimal equity exposure in the taxable account of

an investor who is endowed with a substantial initial tax loss carry-forward of 10% of her total

wealth (l = −0.1). The lower right graph shows her optimal equity exposure in the tax-deferred

account. While for a small tax loss carry-forward, the investor holds equity in both the taxable

and the tax-deferred account at high age, with substantial initial tax loss carry-forward, equity

is strictly preferred in the taxable account over the entire life cycle.

A welfare analysis indicates that for our base case parameter setting, welfare gains from

following an optimal asset location strategy compared to the �pecking order� asset location

strategy of preferring bonds in tax-deferred accounts are quite small and do not exceed 0.1%.

This �nding is mostly driven by the fact that a substantial fraction of the investor's utility

is derived from present consumption and the investor is non-�nancial income, such that the

investor's future level of wealth is only partly driven by her current investment decision.

3.3 Unconditional Strategies

Having analyzed the investor's optimal investment policy given speci�c values of the state

variables, we next turn to the investor's optimal unconditional investment policy over the life

cycle. While the graphs in sections 3.1 and 3.2 provide a good intuition about the impact of

the state variables on the investor's optimal equity exposure and the e�ects that drive these
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results, they do not reveal how likely the investor ends up in which state.

To analyze the investor's optimal investment strategy over the life cycle we run 50,000

simulations on our optimal grid. We consider an investor who enters the market at age 20,

who neither faces unrealized capital gains or losses, who is not endowed with an initial tax loss

carry-forward and whose initial wealth is $ 10,000.

Table 3 summarizes the simulation results on the evolution of the state and decision variables

in our base case parameter setting.

Table 3 about here

Table 3 shows the investor's wealth-level W , her consumption-wealth ratio c, her taxable and her

retirement equity exposure αTA and αRA, respectively. It further shows the investor's optimal

contribution-wealth ratio, the evolution of her fraction of wealth in the retirement account and

the level of her initial tax loss carry-forward over the life cycle.

While the investor's consumption-wealth ratio c remains quite stable over her life cycle with

a little drop past retirement, the investor's optimal shift of wealth z between the di�erent types

of accounts varies substantially with age. While at age 30 with low initial retirement wealth,

the investor contributes to the limit to exploit the tax-exemption of pro�ts in the tax-deferred

retirement account, contributions are substantially lower at age 50, when the investor holds

about 90% of her total wealth in the tax-deferred account already. To avoid the penalty tax on

early withdrawals, the investor decreases her contribution substantially to around 0.7%. Having

passed retirement age, the investor at age 70 starts withdrawing money from her retirement

account to keep her consumption at a substantial level despite the fact that at retirement age

her non-�nancial income drops by 30%.

At all ages considered in table 3, it can be optimal to hold mixed portfolios in the taxable

and the tax-deferred account. At age 30, the investor's fraction of wealth in the tax-deferred

retirement account is still quite small and the remaining investment horizon is still long such

that a potential tax loss carry-forward is valuable to the investor. Consequently, at young age

the investor's fraction of wealth in the tax-deferred retirement account is small. As the investor

gets older, her optimal equity exposure in the retirement account increases with age. However,

at age 90, the investor tends to decrease her optimal equity in the tax-deferred retirement

account again since the minimum withdrawal rules decrease the attractiveness of holding assets

with high returns in tax-deferred environments.

The evolution of the investor's tax loss carry-forward over the life cycle is heavily related
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to the evolution of her fraction of retirement wealth. In states where her retirement wealth is

substantial, the investor can only end up with a quite small tax loss carry-forward since her

tax-deferred wealth does not provide her with a tax loss carry-forward. Consequently at young

age where her fraction of wealth in the retirement account is still small and at high age when

(due to the minimum withdrawal rules) her fraction of retirement is again small, the level of

her tax loss carry-forward is bigger.

3.4 Comparative Static Analysis

In this section, we provide some comparative static results by varying the maximum percent-

age of beginning-of-period-wealth that quali�es for tax rebates, ignoring non-�nancial income,

increasing the tax-rate on capital gains τg to the tax-rate on dividends and interest τd, increas-

ing the volatility of equity, considering the mortality table of a male investor, and ignoring

minimum withdrawal rules.

If the investor does not receive any non-�nancial income and has to �nance her entire

consumption from her investments, her consumption is much lower when she is young and

strictly increases to the level of an investor endowed with exogenous income.7 Her optimal

investment strategy remains similar to that of an investor who is endowed with non-�nancial

income.

Increasing the volatility of stocks from σ = 20.7% to σ = 31.05%, corresponding to a

volatility of real stock returns of about 30%, causes the investor to sharply decrease her equity

exposure. Furthermore, with σ = 31.05%, the investor prefers stocks in her tax-deferred account

when not being endowed with an initial tax loss carry-forward. Again, this is due to the fact

that the higher volatility provides the investor with a higher increase in wealth when holding

stocks in the tax-deferred account and a higher tax loss carry-forward when holding stocks in

the taxable account compared to the base-case.

In the base-case scenario, we have considered the mortality table of a female investor.

If, instead, one considers the mortality table of a male investor, our results do not change

signi�cantly (not shown here). While the optimal consumption policy remains about the same

as for a female investor, the optimal asset location at the end of the life cycle slightly di�ers.

Since men are subject to higher mortality rates, male investors start shifting stocks from their

taxable to their tax-deferred accounts at a lower age than female investors. While female

investors start this shifting around age 88, male investors already start shifting stocks at around

7In fact, her optimization problem is the same as for an investor with non-�nancial income in the last period.
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age 81.

The two most important changes in the taxable treatment of the investor's wealth occur,

�rstly, when attaining retirement age, when the investor is no longer allowed to contribute to her

tax-deferred account but the penalty-tax on early withdrawal no longer applies, and secondly

at age 70.5, when minimum distribution rules apply. In a tax-system where early withdrawals

from the tax-deferred account are not subject to a penalty-tax, i.e. τp = 0, the investor with

high level of tax-deferred wealth decreases her consumption less than in the base-case with a

penalty-tax on early withdrawal of τp = 10%. However, she still decreases her consumption.

This is due to the fact that to �nance her consumption, she has to withdraw from her tax-

deferred account, which pays a tax-free return, whereas for low levels of tax-deferred wealth,

she can consume from her taxable wealth, which only pays an after-tax return.

If minimum distribution rules do not apply and the investor is never forced to withdraw

funds from her tax-deferred account for legal reasons, the optimal fraction of stocks in the

taxable account is signi�cantly below the level of an investor in a tax-system where minimum

distribution rules apply for an investor endowed with some tax-deferred wealth.8 This is due to

the fact that the investor only withdraws funds from her tax-deferred account for consumption,

since investments in the tax-deferred account result in higher returns than investments in the

taxable account. Consequently, the investor's taxable wealth is primarily used for consumption

and thus a low volatility in it is a desirable feature. This is why the equity exposure in

the taxable account is quite low compared to the case with a tax-system where minimum

distribution rules apply. For not getting too underinvested in equity, the investor increases her

equity exposure in the tax-deferred account in such a setting.

In our analysis, we have so far assumed that capital gains are taxable when they occur.

Many tax-systems around the world do not tax capital gains until they are realized, which

provides the investor with a tax-timing opportunity. As tax-timing can only be performed

in the taxable account, a tax-timing option increases the attractiveness of holding stocks in

the taxable account. Zhou (2007) argues that optimal asset location should depend on the

frequency of capital gains realizations since this frequency a�ects the tax burden on stocks.

The study of Chay et al. (2006) shows that due to the tax-timing option, the e�ective capital

gains rate τg,e that the investor faces is lower than the capital gains tax-rate τg. According

to their study, the e�ective capital gains tax-rate of an investor with capital gains tax-rate

8As in the base-case setting, the high fraction of stocks in the taxable account for high levels of tax-deferred
wealth is a side-e�ect.
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τg = 20% is τg,e = 14%.

Figure 3 about here

Figure 3 shows the optimal asset location and asset allocation of an investor who is confronted

with a capital gains tax-rate of τg = 14%, the e�ective capital gains tax-rate of Chay et al.

(2006). An investor who faces such a low capital gains tax-rate strictly prefers bonds in her

retirement account, due to the high tax-burden on these assets. These �ndings suggest that

in the presence of a tax-timing option, the asset location puzzle cannot entirely be explained

by asymmetric treatment of capital gains and losses in taxable and tax-deferred accounts and

other factors like the desire for liquidity might haven an important impact as well. However, to

describe the advantages of the tax-timing option in one single value, Chay et al. (2006) require

some simplifying assumptions. In particular, they assume that the optimal liquidation price is

independent of the purchase price, which ignores the fact that with unrealized capital gains,

investors tend to hold a higher fraction of that asset than without to avoid the capital gains

tax payment. This assumption thus casts doubt on whether the tax-timing opportunity causes

investors to prefer bonds in their tax-deferred accounts.

In the base-case, it has been assumed that the tax-rate on capital gains τg is τg = 20%,

which is below the dividends tax-rate that we set as τd = 36%. The tax-rate on capital gains

is only lower than the tax-rate on dividends if capital gains are realized long-term. In case

capital gains are realized short-term, the tax-rate on capital gains is equal to that of dividends

and τg = τd. Considering all capital gains short-term gains, τg increases to τg = 36%. This

increase in the tax-rate on capital gains has a tremendous impact on optimal asset location for

an investor who is not endowed with an initial tax loss carry-forward, as shown in Figure 4.

Figure 4 about here

Figure 4 shows that when capital gains are realized short-term, an investor who is not endowed

with an initial tax loss carry-forward prefers holding stocks in the tax-deferred account to

holding stocks in the taxable account. This result is due to changes in the investor's risk-

return pro�le caused by the increase of the capital gains rate. By increasing τg from 20% to

36%, the asset location decision depends on whether the investor prefers a safe extra return

of τdr = 0.0216 and a tax loss carry-forward of τgg for gt ≤ 0 per dollar of bonds in the tax-

deferred account in period t, or a safe extra return of τdd = 0.0072 and an extra return of τggt

in case that gt > 0 for each dollar of stocks held in the tax-deferred account. The increase
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of τg thus increases the potential increase in wealth in the tax-deferred account for positive

capital gains, while in the taxable account it only provides the investor with a higher tax loss

carry-forward in case of negative capital gains. Since the opportunity to earn extra money by

locating stocks in the tax-deferred account is more attractive than the opportunity to increase

the tax loss carry-forward by holding stocks in the taxable account, the investor prefers stocks

in the tax-deferred account when her capital gains are realized short-term.

When the investor attains retirement age and is not endowed with signi�cant tax-deferred

wealth, she increases her equity exposure in the taxable account signi�cantly. Having passed

that signi�cant increase in equity, however, her equity exposure decreases with age. The strong

increase in her equity exposure is due to the fact that having passed retirement age; she no

longer has the opportunity to contribute to a tax-deferred account. On the one hand, this

causes her to increase her consumption (not shown here), as the premium for consumption

deferral is decreasing. On the other hand, she can no longer increase her return by shifting

funds from the taxable to the tax-deferred account. To avoid decreasing her return too sharply,

she increases her equity exposure. Having increased her fraction of stocks in the taxable account

at retirement age, she then decreases this fraction again in time. This decrease is due to the fact

that her mortality increases, which in turn increases her probability of potentially generating

a tax loss carry-forward that she cannot use anymore.

4 Conclusion

This paper analyzes optimal asset location and asset allocation decisions in the presence of

tax-deferred investment opportunities and an asymmetric treatment of capital gains and losses.

While capital gains are subject to taxation, capital losses only qualify for a tax loss carry-

forward that can be o�set against realized capital gains in future periods. This paper shows

that given such an asymmetric treatment of capital gains and losses, it can be optimal to break

the �pecking order� portfolio rule and hold mixed portfolios in both types of accounts and

thereby helps explaining the asset location puzzle. Even though utility gains from following an

optimal asset location strategy are quite small, it is usually not optimal to hold as many bonds

as possible in the tax-deferred account. There are two important reasons for this result.

First, limitations on tax rebates for capital losses worsen stocks' risk-return pro�le in the

taxable account by compensating the investor with a tax loss carry-forward instead of a tax

rebate. Especially for aged investors facing high mortality rates, a tax loss carry-forward is

potentially worthless if the investor does not survive long enough to o�set it with positive
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capital gains or receive tax rebates on it. Furthermore, in contrast to compensation by tax

refunds, a tax loss carry-forward does not pay any interest.

Second, while for positive capital gains holding stocks in the tax-deferred account can result

in a higher increase in total wealth, for negative capital gains holding stocks in the taxable

account results in the same return on the stock, but leaves the investor with the tax-free return

of bonds and a tax loss carry-forward that provides her with a tax-advantage in forthcoming

periods. Thus, investors might want to hold stocks in both taxable and tax-deferred accounts

to diversify this risk. Hence, limits on tax rebates for capital losses can help explaining why

private investors hold substantial amounts of their tax-deferred wealth in stocks.

Inevitably this paper ignores several important factors. In particular, it makes a simplifying

assumption on the taxation of capital gains, namely that capital gains are taxable when they

occur. Many tax-systems around the world do not tax capital gains until they are realized

which provides the investor with a tax-timing opportunity. Computations with e�ective capital

gains tax-rates according to Chay et al. (2006) suggest that the optimal asset location decision

might change when the investor has a tax-timing opportunity. However, their e�ective tax-rates

rely on some simplifying assumptions that are not met in this paper.

An interesting avenue for further research is to extend our model with an endogenous tax-

timing opportunity. Due to the forgiveness of capital gains when being bequeathed, aged

investors facing higher mortality rates might consider pre-tax capital gains more important

than after-tax capital gains and might thus prefer stocks to bonds in their taxable accounts. It

would be interesting to know how our results on optimal asset location change in a tax-system

that allows for tax-timing. We leave this problem for further research.

References

Amromin, G. 2002. Portfolio allocation choices in taxable and tax-deferred accounts: An

empirical analysis of tax e�ciency. mimeo, University of Chicago Department of Economics.

Amromin, G. 2003. Household portfolio choices in taxable and tax-deferred accounts: Another

puzzle? European Finance Review 7:547�582.

Amromin, G. 2005. Precautionary savings motives and tax e�ciency of household portfolios:

An empirical analysis. Finance and Economics Discussion Series, Federal Reserve Board,

Washington, D.C.

26



Auerbach, A. and King, M. 1983. Taxation, portfolio choice, and debt-equity ratios: A

general equilibrium model. The Quarterly Journal of Economics 98:587�610.

Barber, B. and Odean, T. 2003. Are individual investors tax savvy? evidence from retail

and discount brokerage accounts. Journal of Public Economics 88:419�442.

Benartzi, S. and Thaler, R. 2001. Naive diversi�cation strategies in de�ned contribution

saving plans. American Economic Review 91:79�98.

Bergstresser, D. and Poterba, J. 2004. Asset allocation and asset location: Household

evidence from the survey of consumer �nance. Journal of Public Economics 88:1893�1915.

Black, F. 1980. The tax consequences of long-run pension policy. Financial Analysts Journal

36:21�28.

Bodie, Z. and Crane, D. 1997. Personal investing: Advice, theory, and evidence. Financial

Analysts Journal 53:13�28.

Chay, J., Choi, D., and Pontiff, J. 2006. Market valuation of tax-timing options: Evidence

from capital gains distributions. Journal of Finance 61:837�865.

Cocco, J., Gomes, F., and Maenhout, P. 2005. Consumption and portfolio choice over

the life cycle. Review of Financial Studies 18:491�533.

Constantinides, G. 1983. Capital market equilibrium with personal taxes. Econometrica

51:611�636.

Constantinides, G. 1984. Optimal stock trading with personal taxes: Implications for prices

and the abnormal january return. Journal of Financial Economics 13:65�89.

Dammon, R., Dunn, K., and Spatt, C. 1989. A reexamination of the value of tax options.

Review of Financial Studies 2:341�372.

Dammon, R. and Spatt, C. 1996. The optimal trading and pricing of securities with asym-

metric capital gains taxes and transation costs. Review of Financial Studies 9:921�952.

Dammon, R., Spatt, C., and Zhang, H. 2001. Optimal consumption and investment with

capital gains taxes. Review of Financial Studies 14:583�616.

Dammon, R., Spatt, C., and Zhang, H. 2004. Optimal asset location and allocation with

taxable and tax-deferred investing. Journal of Finance 59:999�1037.

27



Ehling, P., Gallmeyer, M., Srivastava, S., and Tompaidis, S. 2007. Portfolio choice

with capital gain taxation and the limited use of losses. Working Paper.

Gallmeyer, M., Kaniel, R., and Tompaidis, S. 2006. Tax management strategies with

multiple risky assets. Journal of Financial Economics 80:243�291.

Garlappi, L. and Huang, J. 2006. Are stocks desirable in tax-deferred accounts? Journal

of Public Economics 90:2257�2283.

Gomes, F. and Michaelides, A. 2005. Optimal life-cycle asset allocation: Understanding

the empirical evidence. Journal of Finance 60:869�904.

Gomes, F., Michaelides, A., and Polkovnichenko, V. 2006. Optimal savings with

taxable and tax-deferred accounts. mimeo.

Huang, J. 2007. Taxable and tax-deferred investing: A tax arbitrage approach. Working

Paper, University of Texas at Austin.

Marekwica, M. 2007. Optimal consumption and investment with tax loss carry-forward.

Working Paper, University of Regensburg.

Marekwica, M. 2008. Optimal tax-timing and asset allocation when tax rebates on capital

losses are limited. Working Paper, University of Regensburg.

Mehra, R. and Prescott, E. 1985. The equity premium: A puzzle. Journal of Monetary

Economics 15:145�162.

Poterba, J. 2004. Valuing assets in retirement saving accounts. National Tax Journal 57:489�

512.

Poterba, J. and Samwick, A. 2001. Household portfolio allocation over the life cycle. In

S. Ogura, T. Tachibanaki, and D. Wise (eds.), Aging Issues in the US and Japan. University

of Chicago Press, Chicago.

Poterba, J., Shoven, J., and Sialm, C. 2004. Asset location for retirement savers. In G.

Gale, J. Shoven, and M. Warshawsky (eds.), Private Pensions and Public Polities. Brooking

Institute, Washington, D.C.

Shoven, J. 1999. The location and allocation of assets in pension and conventional saving

accounts. NBER Working Paper 7007.

28



Shoven, J. and Sialm, C. 1998. Long run asset allocation for retirement savings. Journal

of Private Portfolio Management 1:13�26.

Shoven, J. and Sialm, C. 2003. Asset location in tax-deferred and conventional savings

accounts. Journal of Public Economics 88:23�38.

Sialm, C. 2007. Tax changes and asset pricing. Working Paper, University of Texas at Austin.

Siegel, J. 2005. Perspectives on the equity risk premium. Financial Analysts Journal 61:61�73.

Tepper, I. 1981. Taxation and corporate pension policy. Journal of Finance 36:1�13.

Zaman, A. 2007. Tax-deferred investing with diversi�cation concern. Sobey School of Business,

St. Mary's University, Halifax, working paper.

Zhou, J. 2007. The asset location puzzle: Taxes matter. Working Paper, The University of

Western Ontario.

29



Table 1: E�ects of Shifting Asset from Taxable to Tax-Deferred Account

Asset E�ect of shift on Unlimited tax rebates No tax rebates

Bonds Return τdr τdr

Extra tax loss carry-forward - -

Stocks Return τdd + τggt τdd + τggtχ{gt≥0}

Extra tax loss carry-forward - τggtχ{gt<0}
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Table 2: Base-case Parameters

Description Parameter Value

Risk-aversion γ 3

Length of investment horizon T 80

Number of years annuity bene�ciary H 10

Mandatory retirement age J 66

Utility discount factor β 0.96

Dividend rate d 2%

Expected return stock µ 7%

Standard deviation stock σ 20.7%

Interest payment of bond r 6%

In�ation rate i 3.5%

Non-�nancial income n 15%

Tax-rate on dividends, interest and income τd 36%

Tax-rate on capital gains τg 20%

This table reports the parameter values used in the base-case.
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Evolution of State and Decision Variables over the Life Cycle

Panel A - Age 30

Percentile W c αT αR z wR l

1% 11,336 9.1% 39.8% 0% 5% 26.9% -25.7%

10% 13,379 9.2% 43.5% 0% 5% 29.9% -11.2%

50% 16,299 9.2% 44.4% 1.5% 5% 33.6% -1%

90% 19,801 9.4% 57% 6.6% 5% 38.2% 0%

99% 23,177 9.4% 69.4% 10.7% 5% 43.1% 0%

Mean 16,512 9.3% 50.8% 3.8% 5% 34.3% -7.6%

Std 2,545 0.1% 12.3% 4.7% 0% 6.5% 11.2%

Panel B - Age 50

Percentile W c αT αR z wR l

1% 29,863 9.1% 9% 22.6% 0.4% 89.4% -11.6%

10% 38,142 9.1% 9.4% 22.6% 0.6% 89.6% -4.3%

50% 51,229 9.1% 18.4% 23.3% 0.7% 89.9% -0.1%

90% 69,927 9.1% 100% 23.4% 0.8% 90% 0%

99% 90,313 9.1% 100% 23.4% 1.1% 90% 0%

Mean 52,994 9.1% 47.4% 23% 0.7% 89.8% -3.2%

Std 12,851 0% 48.2% 0.4% 0.3% 0.3% 5%

Panel C - Age 70

Percentile W c αT αR z wR l

1% 95,912 8.1% 100% 23.3% -1.9% 92.7% -3.2%

10% 130,434 8.1% 100% 23.3% -1.9% 92.9% -1.1%

50% 194,122 8.1% 100% 23.3% -1.8% 93.1% 0%

90% 289,889 8.1% 100% 23.3% -1.5% 93.1% 0%

99% 407,812 8.1% 100% 23.3% -1.4% 93.1% 0%

Mean 204,374 8.1% 100% 23.3% -1.7% 93% -0.9%

Std 65,895 0% 0% 0% 0.2% 0.2% 1.4%

Panel D - Age 90

Percentile W c αT αR z wR l

1% 194,590 9.1% 20.2% 0% -9.2% 21.7% -28.5%

10% 285,794 9.1% 21.1% 0% -7.6% 25.2% -12.1%

50% 457,864 9.1% 33.4% 6.9% -6.3% 30% -1.4%

90% 736,840 9.2% 46.4% 38.2% -5.3% 36.3% 0%

99% 1,092,906 9.3% 60.3% 44.3% -4.5% 44.3% 0%

Mean 491,275 9.2% 36.3% 17.9% -6.6% 31.5% -8.4%

Std 189,058 0.1% 17.1% 21.6% 1.9% 9% 12.3%

Table 3: This table shows the evolution of the investor's state and decision variables over the
life cycle. W denotes the investor's wealth-level, c her consumption-wealth ratio, αT and αR her
equity exposure in the taxable and tax-deferred retirement account, z her contribution-wealth
ratio. wR is the investor's beginning-of-period-wealth in the tax-deferred account and l her
initial beginning-of-period- tax loss carry-forward to wealth ratio.
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Optimal consumption over the life cycle in the base-case
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Figure 1: Optimal consumption-wealth-ratio (optimal consumption) for a female investor in the base-

case scenario who has an initial tax loss carry-forward of zero (l = 0) or 10% of her initial wealth

(l = −0.1) as a function of her age and her initial fraction of tax-deferred wealth.
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Optimal fraction of stocks in taxable and tax-deferred wealth in the base-case
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Figure 2: Optimal stock holding relative to taxable and tax-deferred wealth after consumption, con-

tributions, and withdrawals for a female investor in the base-case scenario in taxable account (TA,

left graphs), and tax-deferred account (TDA, right graphs) who is endowed with an initial tax loss

carry-forward of zero (l = 0, upper graphs), 4% of her initial wealth (l = −0.04, middle graphs) or 10%

of her initial wealth (l = −0.1, lower graphs) as a function of age and initial fraction of tax-deferred

wealth.
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Optimal fraction of stocks in taxable and tax-deferred wealth for τg = 14%
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Figure 3: Optimal stock holding relative to taxable and tax-deferred wealth after consumption, con-

tributions, and withdrawals for a female investor in taxable account (TA, left graph) and tax-deferred

account (TDA, right graph) who is endowed with an initial tax loss carry-forward of zero (l = 0), when
the tax-rate on capital gains corresponds to the e�ective capital gains rate of Chay et al. (2006) of

τg = 14%.
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Optimal fraction of stocks in taxable and tax-deferred wealth for τg = 36%
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Figure 4: Optimal stock holding relative to taxable and tax-deferred wealth after consumption, con-

tributions, and withdrawals for a female investor in taxable account (TA, left graph) and tax-deferred

account (TDA, right graph) who is endowed with an initial tax loss carry-forward of zero (l = 0), when
capital gains are considered short-term gains and τg = 36%.
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