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The Asset Allocation Puzzle Is Still A Puzzle. 
 
 
 

 

Abstract 
 
  Intertemporal hedging activity has been advocated by the Finance literature as the 
solution to the Asset Allocation Puzzle. A standing assumption made in the dynamic 
asset allocation literature is that one or several bonds could perfectly hedge the 
interest rate risk in the Economy. Moreover, when the market prices of risk are 
allowed to be time varying, it is always assumed that they are driven by the same 
state variables as the spot rate and that bonds are enough to hedge the risk stemming 
from these market prices of risk. In a multi asset world, ceteris paribus, such 
assumptions bias the portfolio allocation of a non-myopic investor towards bonds 
which are then the only vehicle that should be used for the intertemporal hedging of 
the interest rate risk and market prices of risk: this leads to a solution of the puzzle. 
  Such assumptions have no empirical support. On the contrary it has been shown 
that bonds alone can not span all the uncertainty in the bond market. In addition, it is 
likely that the market prices of risk are driven by some stock specific source of risk 
and therefore bonds cannot hedge this particular source of risk. We solve explicitly 
in this paper for the optimal portfolio choice of a rational investor when bond 
markets are incomplete. It is shown that investors with a high level of risk aversion 
could invest more in stocks than in bonds. A calibration of the results show that the 
stock/bond mix is in general a U shaped function of the parameter of risk aversion 
in absolute value. 
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1. Introduction 
 

In an influential contribution, Canner et al. (1997) raised the Asset Allocation Puzzle. 

The empirical evidence they documented is that popular advice on strategic asset 

allocation recommends a high ratio of bonds to stocks for conservative investors and a 

low ratio for less risk averse (aggressive) investors. This finding is in contrast to the 

basic mutual fund separation theorem of Finance Theory that is related to the standard  

Capital Asset Pricing Model (CAPM). According to the separation theorem, all risk 

averse investors should hold the same ratio of bonds to stocks. Since then, many 

solutions to this puzzle have been suggested. The most popular one has tried to show 

that there are contexts in which such a behavior is compatible with rational expected-

utility maximization. The path followed by the Finance literature, which was actually 

suggested by Canner et al. (1997) among other possibilities, lies in the intertemporal 

dimension nature of the asset allocation issue that the CAPM ignores since it is a static 

model. 

 

While it was common place to assume in the literature on asset allocation that interest 

rates are constant or deterministic, the puzzle motivated several studies that deal 

explicitly with stochastic interest rates and their impact on the optimal asset allocation of 

a rational expected utility maximizer. Part of these studies to be discussed below aim at 

solving the raised puzzle. For example, Bajeux-Besnainou et al. (2001, 2003) and 

Brennan and Xia (2000, 2002) explicitly solved the intertemporal portfolio allocation for 

an expected utility maximizer under different settings. Moreover these studies show that 

the portfolio allocation not only contains a speculative component, but also 

intertemporal hedging components that hedge against changes in the investment 

opportunity set until the investor’s horizon is reached. While such a feature was known 

at least since Merton (1973), these studies explicitly related some of the hedging 

components to stochastic interest rates. They were able to show that risk averse 

investors invest more in bonds than in stocks as their risk aversion grows. This offered 
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an elegant solution to the puzzle. Such an explanation for the puzzle, grounded on 

rigorous economic theory, is widely accepted among academics and practitioners as 

well. 

 

Our purpose in this paper is to show that this enthusiasm may be premature  and that the 

suggested explanation is highly contingent on the set of assumptions that have been 

made so far. These assumptions lack empirical support and drive the results. When they 

are relaxed, the puzzle turns out to be even more accentuated: investors with a high risk 

aversion invest more in stocks. It turns out that the première intuition of Canner et al. 

(1997) that intertemporal hedging activity is unlikely to provide a satisfactory answer to 

the puzzle was right. 

  

One standing characteristic of dynamic asset allocation models that explicitly deal with 

interest rate risk is their assumption about the dynamics of the short term interest rate 

that makes the bonds the only instrument for the purpose of intertemporal hedging of 

interest rate risk. For example, Detemple et al. (2003)1 and Liu (2001)2 assume that the 

dynamics of the bond which is traded are perfectly correlated with the spot rate. Lioui 

and Poncet (2001) and Bajeux-Besnainou et al. (2003) also consider a multi-asset world 

where the short term interest rate is the only state variable which is perfectly correlated 

with a discount bond available for trading. In Brennan and Xia (2000, 2002), the 

correlation between any discount bond and the short term interest rate is imperfect. They 

however assume that two bonds are available for trading so that the combination of these 

two bonds with the (locally) riskless asset yields a perfect hedge of the interest rate risk. 

 

While most papers assumed constant market prices of risk, some papers solved for the 

optimal strategic asset allocation of a power utility function investor when market prices 

                                                 
1 In their multi-asset setting, equations (37) and (38). 
2 In his section 6, equations (76) and (77). 
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of risk are stochastic. However, when it is the case, these market prices of risk are 

assumed to be driven by the same state variables as the spot rate and bonds are enough 

to hedge the risk stemming from these market prices of risk. For example, Lioui and 

Poncet (2001) assume that the market price of risk is an affine function of the spot rate 

and thus it is perfectly correlated with the spot rate which is perfectly correlated with 

traded bonds. Sangvinatsos and Wachter (2005) extended the analysis to a multifactor 

setting. They assume that the market prices of risk are a linear function of m state 

variables, and these m state variables also drive the spot rate in the Economy. Since m 

non redundant bonds are traded, these assets are enough to hedge the risk stemming 

from these market prices of risk. 

 

The implication of these assumptions for strategic asset allocation are best understood 

using the new portfolio decomposition suggested recently by Lioui and Poncet (2001) 

and Detemple et al. (2003). Theses authors have shown that the optimal portfolio 

strategy could be decomposed into three components: i) a standard myopic component, 

ii) a pure interest rate risk related component which intertemporaly hedges the risk 

stemming from a bond maturing at the investor’s horizon and iii) a third intertemporal 

hedging component related to the risk stemming from the joint distribution of the spot 

rate and market prices of risk3. Assuming that the spot rate and the market prices of risk 

could be hedged with bonds puts actually most if not the whole burden of intertemporal 

hedging on the bonds. 

 

At the empirical level, it has been widely documented that bonds alone cannot span the 

uncertainty in the Bond Market (see Collin-Dufresne and Goldstein (2002) and the 

 

                                                 
3 More precisely, this component is related to the martingale that allows a change of numeraire from the 
historical probability to a martingale mesure under a numeraire which is the discount bond maturing at the 
investor’s horizon. For details, see Lioui and Poncet (2001).  
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references therein). Actually, even interest rate derivatives could not help complete the 

Bond Market as recently shown by Fan et al. (2003). These Authors showed that 

swaptions and their underlying market are well integrated and therefore cannot help 

spanning the uncertainty in the Bond Market. It turns out that assets from other segments 

of the financial market may be necessary to complete the bond market. In addition, it is 

likely that the market prices of risk are driven by some stock specific source of risk and 

therefore bonds cannot hedge this particular source of risk. Since factors affecting bond 

returns also often affect stock returns4, stocks are good candidate for interest rate risk 

hedging.  

 

The objective of this paper is to build a framework where bond markets alone are 

incomplete and therefore some stocks are useful for intertemporal hedging of the interest 

rate risk and/or the market prices of risk. We look for an explicit solution so as to 

investigate the behavior of the hedging components and the stock/bond mix of a non-

myopic investor. The investor is allowed to trade cash, a discount bond and a stock 

index. 

 

Our setting has two key features. The correlation between a discount bond and the short 

term interest rate is imperfect and endogenous rather than determined exogenously. This 

is achieved by allowing the market price of risk of the interest rate risk to be stochastic5. 

A major consequence of our setting is that, even in a one factor term structure of interest 

rates, any discount bond will be perfectly correlated with the short term interest rate but 

the correlation can be positive or negative and it is time dependent. This is because the 

                                                 
4 See Li (2002) and d’Addona and Kind (2005).  
5 This contrasts with the studies of Bajeux-Besnainou et al. (2001, 2003), Brennan and Xia (2002), Munk 
and Sorensen (2004), and Mougeot (2003) where the market price of risk related to the interest rate risk 
and is assumed to be constant. In a recent paper, Sangvinatsos and Wachter (2005) solved for the optimal 
portfolio choice of an expected utility maximizer when the market prices of risk are stochastic in addition 
to the spot rate. However, like in Brennan and Xia (2002), there are m state variables and m non-
redundant discount bonds are traded that allow perfect intertemporal hedging related to the presence of 
these state variables. 
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discount bond is not only affected by the short term interest rate risk but also by 

stochastic market price of risk. The second feature of our setting is that the stock market 

and the bond market are allowed to be correlated. Therefore, the stock index demand not 

only contains a hedging component related to the market prices of risk, but also an 

interest rate related hedging component. 

 

The implications for dynamic asset allocation of this more realistic setting are as 

follows: 

 

i) Even in the particular case where the bond alone serves to hedge the interest rate risk, 

shorting or buying the bond depends on the investor’s horizon and the time until the 

horizon is reached. In addition, the correlation between the bond and the short term 

interest rate changes over time, and therefore may require a dramatic rebalancing of the 

investor’s portfolio. For example, suppose that the correlation between the discount 

bond and the spot rate is perfect and negative for a horizon (maturity) of five years. 

Then the investor buys bonds to hedge the interest rate risk steming from her hedging 

component. However, if the sign of the correlation changes at any point in time between 

today and the investor’s horizon6, she will have to change dramatically her portfolio 

allocation by selling bonds held in the portfolio and short selling some more bonds for 

hedging purposes. This will yield changes in the stock/bond mix. 

 

ii) Another consequence of our setting is that the demand for bonds contains two 

hedging components, one for the interest rate risk and one for the market prices of risk. 

Since they may be of opposite sign depending on the dynamics of these variables, we  

 

                                                 
6 Although bonds are in general negatively correlated with the spota rate, Mele (2003) recently showed 
that in some cases and for certain maturities we may have a positive relation between the spot rate and the 
bond prices. In our setting this may happens due to stochastic market prices of risk.  
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may end up  with a bond demand that is only constituted of its speculative component 

since the hedging components cancel out! 

 

iii) In the particular case where the bond alone serves to hedge the interest rate risk, 

stock index demand still contains two components: a speculative component and an 

intertemporal hedging component relative to the stochastic market prices of risk. As a 

consequence, even in this particular case, the relation between the stock/bond mix and 

the parameter of risk aversion turns out to be arbitrary and not decreasing as shown in 

the literature.  

  

In this paper, we solve for a CRRA investor who has to allocate her wealth between 

cash, a stock index and a discount bond. Both the interest rate risk and the market prices 

of risk are stochastic and imperfectly correlated. As a consequence, the discount bond 

dynamics are imperfectly correlated with the dynamics of the spot rate. Our solution to 

the optimal portfolio choice is explicit and does not rely on any approximation or on 

Monte Carlo simulations. Therefore, a methodological contribution of the paper is to 

extend studies that provided explicit solutions when i) only the market price of risk is 

stochastic (Kim and Omberg (1996) and Wachter (2002))7 or ii) the only source of risk 

(state variable) in the economy is the interest rate risk that also affects the market price 

of risk (Lioui and Poncet (2001)). Our explicit solution allows us to study in depth the 

properties of the intertemporal hedging components in general and to contrast them with 

the hedging components encountered in the literature. We conduct extensive simulations 

of our results.  

 

The remainder of the paper is planned as follows. In the next section we set out our 

framework, in the third section we solve for the dynamic portfolio choice and in the 

                                                 
7 In Kim and Omberg (1996), the power utility agent has utility only from terminal wealth. In Wachter 
(2002), the power utility agent has utility from intermediate consumption and terminal wealth. 
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fourth section we simulate our model for a particular set of parameters. The fifth section 

concludes and some mathematical derivations are gathered in the appendix. 

 

 

2. Preliminaries 
 

We consider a multi asset economy, with stochastic interest rates and a stochastic market 

price of risk. We restrict ourselves to an affine setting for the dynamics of the short rate. 

More precisely, we assume that the short term interest rate (hereafter the spot rate) 

follows an Ornstein – Uhlenbeck process à la Vasicek: 

 ( ) ( )( ) ( ) ( )tdZtdZdttrtdr 22r11rrr σ+σ+−µθ=  (1) 

where 2r1rrr and,, σσµθ  are constants. 21 ZandZ  are two independent standard 

Brownian motions. The uncertainty is formalized by the complete filtered space 

( )P,, FΩ , where Ω is the state space, F is the σ-algebra representing measurable events, 

P is the actual (historical) probability and the filtration is the augmented filtration 

generated by the Brownian motion assumed to satisfy the usual conditions8. 
 

Our modeling choice (1) deserves the following comment. Since the (non-stochastic) 

weighted sum of the two Brownian increments could be written as a single Brownian 

increment term, (1) could have been written with only one driving Brownian motion 

( )tZr  where the volatility of the short term interest rate is 2
2r

2
1rr σ+σ≡σ . Similarly, 

the stock index dynamics would have included a source of risk ( )tZS . For our purpose in 

this paper, the two Brownian motions ( )tZr  and ( )tZS  will have to be correlated. Our 

choice to model the dynamics of the interest rate according to (1) stems from the fact we 

                                                 
8 The σ-algebra contains the events whose probability with respect to P is null. See Karatzas ans Shreve 
(1991), p. 89. 
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are using the martingale approach both for bond pricing and portfolio choice in the 

sequel. Since most of the theory (change of measure, relation between traded assets 

volatility matrix and market completeness, transformation of a dynamic optimization 

problem into a static one,…) has been built for a standard d-dimensional Brownian 

motion where each element is independent from the other, we would not have been able 

to apply these results straightforwardly had we used ( )tZr  and ( )tZS  since they are 

correlated. Hence our choice to model r(t) according to (1). Of course, we will allow for 

a correlation between the stock index and the short term interest in our setting. 

 

We assume that the market prices of risk associated with the two sources of risk driving 

(1) follow mean reverting processes such that: 

 ( ) ( )( ) ( )tdZdtttd iii iii κκκ σ+κ−µθ=κ              i = 1,2 (2) 

where 
iii

and, κκκ σµθ are constants.  

 

(1) has been extensively used in the literature on the term structure of interest rates, but 

also in the dynamic asset allocation literature9. A key difference between our setting and 

the existing ones is that both the interest rate and the related market prices of risk are 

assumed to be stochastic while only the interest rate was assumed to be stochastic in 

most previous works (see for example Bajeux – Besnainou et al. (2001, 2003) and Munk 

and Sorensen (2004))10. This modeling procedure is flexible enough to highlight cases 

previously dealt within the literature as particular cases of our results. 

 

Agents trade continuously in a perfect and arbitrage free complete market. The pricing 

kernel in such an economy, denoted Λ, is known to follow the dynamics: 

                                                 
9 For a review of affine processes and their use in model building in Finance, see the recent paper by 
Duffie et al. (2003). 
10 For a critical review of the role of the market price of risk in models of the term structure of interest 
rates, see the recent survey by Dai and Singleton (2003). 
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 ( )
( ) ( ) ( ) ( ) ( ) ( )tdZttdZtdttr
t
td

2211 κ−κ−−=
Λ
Λ  (3) 

The martingale approach usually defines a martingale measure, Q, which is equivalent to 

P, the historical probability, such that discounted prices are martingales when the 

riskless asset is the numéraire. The no arbitrage and market completeness assumptions 

imply that Q exists and is unique. In addition, if a (locally) riskless asset is traded and 

the market prices of risk are such that their parameters satisfy the Novikov condition11: 

 ( ) ( ) ∞<<∞<






















 κ+κ∫ t0for,dsssexpE

t

0

2
2

2
10 ,  

this martingale measure is such that: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )( )






 κ+κ−κ−κ−=η= ∫∫∫

t

0

2
2

2
1

t

0 22

t

0 11
t

dsss
2
1sdZssdZsexpt

dP
dQ  (4) 

Then it is well known that: 

 ( ) ( ) ( ) ( ) 11 thttBt −− ≡η=Λ  (5) 

where: 

 ( )
( ) ( )dttr
tB
tdB

=   (6) 

and h(t) is the optimal portfolio of a logarithmic investor in the Economy.  

 

Since we want our market to be complete, we assume that, in addition to the riskless 

asset (6), two risky assets are traded, a stock index the dynamics of which is: 

 ( )
( ) ( ) ( ) ( )tdZtdZdtt
tS
tdS

22S11SS σ+σ+µ=   (7) 

                                                 
11 See Karatzas and Shreve (1991), Proposition 5.12, page 198.  
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where 2S1S and σσ are constant, and a discount bond maturing at time T solving: 

 ( )
( ) ( ) ( ) ( ) ( ) ( )tdZT,ttdZT,tdtT,t

T,tP
T,tdP

22P11PP σ+σ+µ=  (8) 

We do not assume any particular function for the drift of (7), but only that this stochastic 

differential equation has a unique solution12. The specification (7) implies that the stock 

index price process is only driven by the sources of risk that drive the discount 

bond/short rate. This is a simplifying assumption that we make since it seems reasonable 

to assume that some specific source of risk affects the stock index price dynamics. 

Nevertheless, a new source of risk can always be added in the previous specification (7) 

as long as an additional asset is introduced to allow for market completeness. Such an 

asset could be an option on the stock index or even an index futures contract. The latter 

will not be perfectly correlated with the stock index due to stochastic interest rates. 

Therefore, it will allow for market completeness. As long as markets are complete, 

derivatives prices can be calculated explicitly in our setting. While the presence of a 

third asset will certainly enrich the analysis, its absence does not affect the main 

message of the paper. 

 

Given that (1) and that the market is complete and arbitrage free, the parameters of the 

dynamics (8) can  be computed explicitly. The solution to (8) is given in the following 

 

Proposition 1: 

The price of a discount bond maturing at time T is: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tT,tAtT,tAtrT,tAT,tA 2211reT,tP κ+κ++ κκ=  (9) 

                                                 
12 The main condition is that ( )tSµ  is locally Lipschitz-continuous in the space variable. See Karatzas and 
Shreve (1991), Theorem 2.5, page 287. One can similarly put conditions on the parameters of the spot rate 
and the market prices of risk for this to hold since, when there is no arbitrage, we must have that: 

( ) ( ) ( ) ( )tttrt 22S11SS κσ+κσ+=µ . 
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where A(t,T) is explicitly given in the Appendix and 

( ) ( )( )tT

r
r

re11T,tA −θ−−
θ

−=  

( ) ( ) ( )
( )( )( ) ( )( )









−−−

σ+θ
θ

σ+θ−θθ
σ

= −θ−−σ+θ−

κκκκ
κ

κκ tTtT1r

rr

ri rii

iiii

i
e1e1

11
1T,tA  

 

The price (9) is of a standard form given our affine market: it is an exponential function 

of the spot rate and the market price of risk. Applying Ito’s lemma to (9) yields the 

volatility parameters of the discount bond: 

 
( ) ( ) ( )
( ) ( ) ( )

22

11

T,tAT,tAT,t

T,tAT,tAT,t

2rr2P

1rr1P

κκ

κκ

σ+σ=σ

σ+σ=σ
 (10) 

When the market price of risk is stochastic, it follows from (10) that the correlation 

between the bond and the spot rate is imperfect. An interesting particular case is when 

the spot rate is driven by a single source of risk (one factor term structure). Suppose for 

example that 02r =σ . It follows that the correlation between the spot rate and the 

discount bond is perfect and equal to: 

 
( ) ( )
( ) ( )

11

11

T,tAT,tA
T,tAT,tA

1rr

1rr

κκ

κκ

σ+σ

σ+σ
 (11) 

and therefore this correlation may be positive or negative depending on the parameters 

of the dynamics of the spot rate and the market price of risk, as well as on the bond 

maturity. These features have important consequences for dynamic hedging purposes. 

 

When following a dynamic self-financing trading strategy that combines the available 

assets, an investor’s wealth dynamics is: 

 ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )( ) ( )

( )tB
tdBtt1

T,tP
T,tdPt

tS
tdSt

tV
tdV

β−α−+β+α=   (12) 
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where ( ) ( )tandt βα  are the proportions of the investor’s wealth invested in the stock 

index and the discount bond, respectively. Using (7) and (8) yields: 

 ( )
( ) ( ) ( )

( )
( )
( )

( )
( )














β
α









σσ
σσ

+=
tdZ
tdZ

t
t

T,t
T,t

dt.
tV
tdV

2

1

2P2S

1P1S   (13) 

Assuming that markets are complete is equivalent to assuming that the volatility matrix 

appearing in (13) is invertible. For further use, we will denote this volatility matrix as 

follows: 

 ( ) ( )
( )






σσ
σσ

≡Σ
T,t
T,t

T,t
2P2S

1P1S    

We are now fully equipped to conduct our analysis that consists in finding the optimal 

dynamic asset allocation for a CRRA investor in the previous setting. 

 

3. Dynamic Asset Allocation 
 

In this section, we characterize an investor’s optimal wealth and compute the optimal 

dynamic asset allocation. For ease of exposition, we use, in the  standard framework of a 

complete and frictionless market, the martingale approach to portfolio choice developed 

by Pliska (1986), Karatzas et al. (1987) and Cox and Huang (1989). In this, we follow 

many recent contributions like Lioui and Poncet (2001), Wachter (2002), Detemple et al. 

(2003) and Cvitanic et al. (2003). 

 

Following Cox and Huang (1989), the investor’s problem is solved in two steps. First, 

the investor’s optimal terminal wealth is determined, and then the dynamic strategy 

which replicates it is found. The investor’s program is thus transformed into the 

following static problem: 



 14    

 ( )

( )

( ) ( )[ ] ( )







=ττΛ









γ−

τ γ−

τ

0VVE.t.s

1
VEmax

0

1

0V  (14) 

We limit our discussion to investors with γ > 1, i.e., those who are more risk averse than 

the logarithmic investor. This is the case investigated by all the papers cited above and 

that deal with asset allocation in an intertemporal setting. Cox and Huang (1989) 

showed that the solution to this program is unique and such that: 

 ( ) ( ) γ
−γ

−

τΛλ=τ
11

V  (15) 

where the Lagrange multiplier λ relative to the budget constraint is characterized by: 

 ( ) ( )0VE
11

0

1

=



 τΛλ γ

−γ
−

 (16) 

The optimal wealth at each date t can be computed according to: 

 ( ) ( ) ( ) ( )[ ]ττΛ=Λ VEtVt t  (17) 

where Et is the expectation under P conditional on the information available at time t. 

This implies: 

 ( ) ( ) ( )
( )

























Λ

τΛ
Λλ=

γ
γ−

−

γ
−γ

−
1

t

11

t
EttV  (18) 

Explicit computations yield: 

 

Proposition 2: 

The investor’s optimal wealth is: 

 ( ) ( ) ( ) ( ) ( )( )γκκτΠΛλ= γ
−γ

−
;t,t,tr,,tttV 21

11

 (19) 
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where: 

 
( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )


κκτ+τ+κκτ+τ+



 τ+τ=κκτΠ

tt,tA,tAtt,tA,tA

tr,tA,tAexpt,t,tr,,t

22531142

1021

 (20) 

and 

( ) ( )( )1e111,tA t

r
1

r −
θ








γ

−=τ −τθ−    

( )
( )( ) ( ) ( )( ) ( )

( ) ( )ττσσ−









−τ+−

θ







γ

−
θ
σ

+τ
ϕ

−µθ
−=τ

κ

−τθ
−τϕ−

κκ

,tA,tA2

te1111,tA
e14

,tA

411r

t

r

2

r

1r
4

4

t

2

1

r

4

11

  

( )
( )( ) ( ) ( )( ) ( )

( ) ( )ττσσ−









−τ+−

θ







γ

−
θ
σ

+τ
ϕ

−µθ
−=τ

κ

−τθ
−τϕ−

κκ

,tA,tA2

te1111,tA
e14

,tA

512r

t

r

2

r

2r
5

5

t

3

2

r

5

22
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011414ca4b 2
2
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γ
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γ
+








σ

γ
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The investor’s optimal wealth reflects the properties of our affine setting. It is an 

exponential function of the spot rate and the market prices of risk. Indeed, given (15), 

the investor’s optimal wealth can be interpreted as a contingent claim on the pricing 

kernel. Therefore, its price at any time t is a function of the relevant sources of risk for 

this contingent claim. A crucial difference between result (19) and the standard features 

of affine models is that the term in the exponential is not a linear but a nonlinear 

function of the underlying state variables. This makes the derivation more complicated 

as shown in the Appendix. 

 

The derivation of the optimal dynamic strategy follows from applying Ito’s lemma to 

(19). As such, we first set the following: 

 

Proposition 3: 

When γ > 1, the functions appearing in (20) have the following signs: 

 
( )
( )
( ) 0,tA

0,tA
0,tA

5

4

1

≥τ
≥τ
≤τ

 (21) 

while the sign of ( ) ( )ττ ,tAand,tA 32  is indeterminate.   

 

Let us now turn to the optimal strategy to be followed by the investor. Applying Ito’s 

lemma to (19) yields: 

 

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( )tdZt,tA2,tA,tAt1

tdZt,tA2,tA,tAt1dt.
tV
tdV

22532r12

11421r11

2

1









σκτ+τ+στ+κ

γ
+









σκτ+τ+στ+κ

γ
+=

κ

κ

 (22) 
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Identifying with (13) yields: 

 

Proposition 4: 

The optimal dynamic strategy is such that: 
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( ) ( ) ( )

( ) ( ) ( )
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 (23) 

or, equivalently, 

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )
( ) ( )T,tT,t

T,tt,tA2,tAT,tt,tA2,tA
T,tT,t
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T,ttT,tt1t
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21
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+
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γ
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(24) 

( ) ( ) ( )
( ) ( )

( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )( )
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T,tT,t
,tA
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1
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τ+

σσ−σσ
κσ−κσ

γ
=β
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 (25) 

 

As it appears in (23) or (24) and (25), the optimal strategy involves three components in 

the demand for each risky asset: a mean-variance component (the first component in the 

RHS of (23), (24) and (25)) and two intertemporal hedging components which are 

related to interest rate risk (the second component in the RHS of (23), (24) and (25)) and 

the risk stemming from the market prices of risk. 
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To disentangle the intuition behind (23), we first focus on a particular case in which the 

discount bond, the short rate and the corresponding market price of risk are all perfectly 

correlated. In addition, the stock index is not correlated at all with the spot rate and/or its 

corresponding market price of risk. This is to insure that the whole burden of interest 

rate risk hedging falls on the discount bond. It corresponds to the case 02r1S =σ=σ 13. In 

such a case, (24) and (25) become: 

 ( ) ( ) ( ) ( ) ( )( )
2S

253
2S

2 2t,tA2,tAt1tˆ
σ
σ

κτ+τ+
σ

κ
γ

=α κ  (26) 

 ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )( ) ( )T,t

t,tA2,tA
T,t

,tA
T,t

t1tˆ
1P

142
1P

1r
1

1P

1 1

σ
σ

κτ+τ+
σ

σ
τ+

σ
κ

γ
=β κ  (27) 

The demand for the stock index has two components, a speculative component (the first 

component on the RHS of (26)) and a hedging component that is related to the market 

price of risk associated with the stock index risk. Naturally, this hedging component is 

also a perfect hedge component since the stock index is perfectly correlated with it. As 

to the bond demand, it has three components. Like in the stock index, there are one 

speculative component and two intertemporal hedging components. The first hedging 

component (the second term in the RHS of (27)) is a perfect hedge against the interest 

rate risk. The second intertemporal hedging component (the last component in the RHS 

of (27)) hedges against the risk stemming from the market price of risk of the interest 

rate risk. These hedging components have features very similar to those derived by 

Detemple et al. (2003) for example. The interest rate hedging component is very stable; 

it is actually deterministic in our setting. However, a notable difference with Detemple 

et al. (2003) is that its sign can be positive or negative and may change as time passes. 

The same holds for the market price of risk hedging component in (27). Since it depends 

                                                 
13 It also correspond to the case 01r2S =σ=σ . 
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on the market price of risk level, it is stochastic, although its sign is indeterminate and 

could change as time passes. 

 

What does hedging activity imply for stock index and bond demand ? Actually, and 

perhaps fortunately, the results are not clear cut. As to the stock index, a negative market 

price of risk would always imply short selling the stock index, both for speculative and 

hedging components. However, if the market prices of risk were positive, this would 

imply buying stocks for speculation but does not necessarily imply buying stocks for 

hedging their corresponding market prices of risk. To see this, note that given (21), 

( ) ( ) ( )t,tA2,tA 253 κτ+τ  may be positive or negative. As to the bond demand, hedging 

components may theoretically have any  impact on it. It could even be reduced to the 

demand of a pure myopic investor. This uncertainty on the impact of the hedging 

components on the demand for the stock index and for the bond obviously translates into 

the stock/bond mix. 

  

Let us now turn to the general case in (24) and (25). Its main feature is that the interest 

rate related hedging components are deterministic, both in the stock index demand and 

the bond demand. Both assets are used to hedge interest rate risk. Nevertheless the sign 

of these hedging components cannot be determined. Another interesting feature of (24) 

and (25) is that the market price of risk hedging component can also be decomposed into 

a deterministic component and a stochastic component. To see this, note that the third 

component on the RHS of (23) can be written as: 
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 (28) 

The last component on the RHS of (28) depends upon the level of the market price of 

risk and thus inherits their variability in our setting. 
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Finally, let us write (24) and (25) in the following way: 

( ) ( ) ( ) ( )
( ) ( )

( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( )
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(29) 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
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
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γ
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(30) 

Equations (29) and (30) clearly show the bias introduced by assuming perfect 

correlation between the spot rate and the bond. In general, any profile for the hedging 

components is possible. This is also true for the stock/bond mix.  

 

In the general analysis above we have assumed that the discount bond is a long-lived 

asset and thus that its maturity is greater or equal to the investor’s horizon. An 

interesting issue is to what extent our results would be affected had this maturity been 

equal to the investor’s horizon. More generally, what is the impact of the investor’s 

horizon on the structure of the optimal risky assets demands? It is now well documented 

that the optimal asset allocation of a rational investor will always include trading 

directly or synthetically in a discount bond maturing at the investor’s horizon. To exhibit 

the importance of the investor’s horizon, the alternative optimal portfolio strategy 

decomposition suggested by Lioui and Poncet (2001) or Detemple et al. (2003) can be 

used. Standard decomposition à la Merton decomposes the portfolio strategy into a 

speculative (mean – variance efficient) component and intertemporal hedging 

components related to the state variables. Alternatively, Lioui and Poncet (2001) or 
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Detemple et al. (2003) showed that the optimal strategy could be decomposed into a 

speculative (mean – variance efficient) component, an intertemporal hedging component 

related to the interest rate risk of a discount bond maturing at the investor’s horizon14, 

and another intertemporal hedging component related to the stochastic market prices of 

risk. In our specific setting, the optimal strategy in the following way can be written: 

 

 

 

Proposition 5: 

The optimal asset allocation is such that: 
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 (31) 

 

The second component in (31) (the second term on the RHS) is now clearly related to 

the interest rate risk of a discount bond maturing at the investor’s horizon. Moreover, 

both the stock and the bond are used to replicate this bond. (31) is usefdul because it 

shows the difference between a static and an intertermporal setting in explaining the 

Puzzle. In an intertermporal setting, what a model needs to explain the Puzzle is 

intertemporal hedging components. To see this, note that without state variables (i.e., 

when interest rate and market prices of risk are not stochastic) (31) becomes: 
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14 This is a generalization of Sorensen (1999)  original result that was shown to hold only under a specific 
dynamics of the spot rate and constant market price(s) of risk.  
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Therefore, the stock/bond ratio is independent from the investor’s parameter of risk 

aversion and therefore the intertemporal setting is unable to explain the Puzzle. It must 

be noted that whether the maturity of the traded bond T is greater or equal to the 

investor’s horizon does not affect the conclusion. Now if we assume that only the spot 

rate is stochastic while the market prices of risk are deterministic, this introduces 

intertemporal hedging components so that (31) becomes: 
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(33) shows that the relationship between the stock/bond ratio and the parameter of risk 

aversion is not clear. Therefore, (33) does not provide in general a solution to the Puzzle 

although this ratio depends now upon the parameter of risk aversion. Yet (33) allows us 

to understand why previous authors were able to explain the Puzzle in an intertemporal 

setting. Another advantage of (33) (and thus of our setting) is that it allows us to put the 

whole burden of intertemporal interest rate risk hedging on the bond without assuming 

that the bond and the stock index have correlation 0 or that the bond and the spot rate are 

perfectly correlated. Given (31), the same objective can be achieved (i.e., when the 

intertemporal interest rate risk can be hedged with the bond only) by assuming that the 

traded discount bond maturity is equal to the investor’s horizon. In this case, the second 

term on the RHS of (33) becomes: 
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and therefore: 
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The presence of a discount bond maturing at the investor’s maturity thus put all the 

burden of intertemporal interest rate risk hedging on this bond. It must be noted that 

(25) and (26) above have been obtained under the assumption that the correlation 
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between the stock index and the spot interest rate/traded discount bond is 0. Given (35), 

the stock/bond ratio is thus: 

 
( )
( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( ) 1

,t,t
tt

,t,t
,tt,tt

t
t

1P2S2P1S

12S21S

1P2S2P1S

1P22P1

−γ+
τσσ−τσσ

κσ−κσ
τσσ−τσσ

τσκ−τσκ

=
β
α

 (36) 

Therefore, the stock/bond ratio is a decreasing function of the investor’s parameter of 

risk aversion and an elegant explanation for the Puzzle is obtained. This is exactly the 

way Bajeux – Besnainou et al. (2001) were able to explain the Puzzle. It must be 

reminded that in a static setting, as clearly explained by Bajeux – Besnainou et al. 

(2001), the Puzzle cannot be explained if a discount bond maturing at the investor’s 

horizon is traded while in an intertemporal setting the Puzzle may still be explained. The 

reason is the presence of intertemporal hedging components in an intertemporal setting 

and their absence in a static setting. 

 

Finally, when market prices of risk are stochastic, a simple decreasing relation between 

the stock/bond ratio and the parameter of risk aversion as the one in (36) fails to hold. 

Therefore, even with intertemporal hedging, no satisfactory explanation to the Puzzle 

can be provided when the stock market and the bond market are correlated. 

 

We seek further insights from (24) and (25) through a simulation of our model. 

 

4. Simulations 
 

In this section, we report results obtained from simulations of the preceding findings. 

The basic set of parameters has been chosen as follows: 
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( ) ( ) ( )
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The choice of parameters is based on parameters used in previous studies like Detemple 

et al. (2003) and Cvitanic et al. (2003). We assumed that the traded bond has a maturity 

of 15 years and the results are qualitatively not affected by this choice. As to the 

investor’s parameters, we use a horizon of 5 years and a coefficient of risk aversion of 5 

when such parameters are kept constant for the analysis. 

 

For comparison, we reported the components of the stock and bond demand, as well as 

the stock/bond mix in two cases. In the first case, the discount bond is the only 

instrument for interest rate risk hedging (the stock index and the bond return are not 

correlated); in the second case, the bond is not the only instrument for risk hedging and 

needs to be combined with the stock index. The former case has been considered in the 

literature when the discount bond is constrained to be negatively perfectly correlated 

with the spot rate. In our setting, the correlation is constrained to be perfect but its sign 

is endogenous and time dependent. MV, IR and MPR stand for the mean-variance, the 

interest rate hedging and the market prices of risk hedging components, respectively. In 

order to attenuate the impact of the particular choice of the parameters (37), we report 

the relative part of each component in the total demand for the risky asset. For example, 

the MV-S is the ratio of the mean variance component in the stock index demand over 

the total stock index demand. The stock/bond mix is simply the ratio of the total stock 

index demand to the total bond demand. 

 

Our first results pertain to the behavior of the stock index demand and discount bond 

demand as functions of the investor’s horizon. 

 

Figure 1 
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In figure 1a we report the risky assets demand components when the bond is the only 

instrument used to hedge the interest rate risk. We report the components of the demand 

for the stock index, the components of the demand for the discount bond and the stock 

demand to bond demand ratio. It must be noted that the dependence of the mean – 

variance component upon the horizon stems from the fact that we reported the ratio of 

this component to the total demand. Since the latter is horizon dependent, this ratio will 

also be horizon dependent. In absolute terms, the mean – variance component is horizon 

independent, both in the stock index and the bond demands. 

 

The stock index demand has two components: a speculative component (MV-S) and a 

market price of risk hedging component (MPR-S). The interest rate risk hedging 

component (IR-S) is zero by construction in Figure 1a. The speculative component is a 

decreasing function of the horizon. Thus, the market price of risk hedging component is 

an increasing function of the investor’s horizon. The latter component is predominant in 

the demand for the stock index after a horizon of around 3.5 years. The discount bond 

demand has three components: a speculative component and two intertemporal hedging 

components. A key feature of the latter hedging demands is that they are always of 

opposite sign. Interest rate risk hedging always commands buying bonds while the 

market price of risk hedging component always requires short selling of bonds. As a 

consequence, the total bond demand will be positive or negative depending on which 

component will be predominant. Since optimal asset allocation always requires buying 

the stock index, the sign of the stock/bond ratio depends upon the bond demand sign. 

 

When the stock index is involved in interest rate hedging activity, the features of risky 

asset demands change considerably as shown in Figure 1b. The additional interest rate 

risk hedging component in the stock index demand is always negative and thus requires 

shorting the stock index. However, since the speculative component and the market 

prices of risk related component are still positive in this case, the total stock index 
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demand remains positive. In the bond demand, the more important change is that until 

an horizon of 9 years, all the bond demand components are positive and therefore total 

bond demand is positive. As a consequence, the stock/bond ratio is also always positive 

and increasing in the horizon. After a horizon of 9 years, the market prices of risk related 

components become negative and predominant in the bond demand. The bond demand 

thus becomes negative. As a consequence, the stock/bond ratio becomes negative and 

decreasing in absolute value.  

 

While the optimal asset allocation always implies long positions in the stock index, the 

bond position depends on the correlation between the stock index and the bond. As a 

consequence, the behavior of the stock/bond mix will have an arbitrary behavior in 

general. 

 

Figure 2 

 

In Figure 2, we report the behavior of the components of the risky asset demand as 

functions of the investor’s coefficient of risk aversion. In Figure 2a, the discount bond is 

the only instrument for interest rate hedging, while in Figure 2b, both the discount bond 

and the stock index are used for interest rate risk hedging. 

 

As expected, the more risk averse the investor, the more predominant are the 

intertemporal hedging components. The stock/bond ratio turns out to be an inverse U-

shaped function of the parameter of risk aversion in absolute terms when the bond and 

the stock index are not correlated (Figure 2a). However, when the stock market and the 

bond market are correlated, the stock/bond ratio turns out to be a U-shaped function of 

the parameter of risk aversion in absolute terms (Figure 2b). In the latter case and for 

low levels of risk aversion (up to 6), it is a decreasing function of the risk aversion; for 

levels greater than 6, it becomes an increasing function in absolute terms. It must be 

noted that in related literature, the ratio was found to be a monotonic decreasing function 
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of the parameter of risk aversion.  

 

5. Concluding Remarks 

 

We have shown that assuming that interest rate risk can be perfectly hedged using a 

traded bond has important consequences as to the behavior of the intertemporal hedging 

components of a rational investor. In particular, any profile of the stock/bond mix could 

be reached and therefore intertemporal hedging activity seems unlikely to provide a 

convincing answer to the Asset Allocation Puzzle. Relative to a static setting, an 

intertemporal setting allows the stock/bond mix to be a function of investor’s risk 

aversion parameter. Yet, only in particular cases will this relation be a decreasing 

relation that may rationalize empirical evidence. 

 

The paper focuses on the “Asset Allocation Puzzle” and the notion that intertemporal 

hedging does not necessarily solve this puzzle. Several papers showed that hedging 

demands can have complex behavior relative to investment horizon and/or risk aversion 

when multiple assets and/or multiple state variables come into play15. The present paper 

enhances this conclusion by considering a setting with imperfect correlation between the 

interest rate and possible hedging instruments16. 

 

A possible direction for solving such a puzzle has been provided by Shalit and Yitzhaki 

(2003). They showed that the right way to look at the puzzle is from the point of view of 

the investment advisor and not of a particular investor. Therefore, what Shalit and 

Yitzhaki (2003) suggest is simply to check whether the suggested portfolio by the 

investment advisor is efficient at least for one rational risk averse investor. Their answer 

is positive when grounded on the stochastic dominance analysis. These findings are 

                                                 
15 See Lynch and Tan (2005) and the References therein. 
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promising and pave the way for challenging questions for future research. 

 

 

 

                                                                                                                                                
16 I would like to thank a Referee for this suggested perspective on the paper contribution. 
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Appendix 

 
Proof of Proposition 1: 
 
The price at time t of a discount bond maturing at time T is: 

 ( )
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where [ ]Q
tE  denotes expectation under the martingale measure Q and thus: 
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Now under Q, the dynamics (1) become: 
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where iẐ  is a standard Brownian motion under Q. It follows that: 
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sẐdsẐd
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From (A3), it follows that: 
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Substituting into (A5) yields: 
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sẐde1sẐde1
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From (2), it follows that: 
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and from (2) it follows that: 
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Since: 
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Substituting into (A9) yields: 
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and thus substituting into (A8) yields: 
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Substituting into (A7) yields: 
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sẐdT,tsẐdT,t
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Using (A13), it follows that: 
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Substituting into (A14) yields the desired result. 
 
Proof of Proposition 2: 
 
We have: 
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−

t 22t 11

t

2
2

2
1tt

1

t

sdZs1sdZs1

dsss1
2
1dssr1expE

t
E

 (A16) 

Given the Markovian properety of our setting, it follows that: 

 ( )
( ) ( ) ( ) ( ) ( ) ( )( )2

2
2

121

1

t t,t,t,t,tr,,t
t

E κκκκτΠ=
























Λ

τΛ γ
γ−

−

 (A17) 

and we guess a solution like: 

 
( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )








κτ+κτ+κτ+κτ+τ+τ

=κκτΠ

2
25

2
14231210

21

t,tAt,tAt,tAt,tAtr,tA,tAexp

t,t,tr,,t
 (A18) 
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Substituting into (18) yields: 

 
( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )








κτ+κτ+κτ+κτ+τ+τ

Λλ= γ
−γ

−

2
25

2
14231210

11

t,tAt,tAt,tAt,tAtr,tA,tAexp

ttV
 (A19) 

and then: 

 
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )








κτ+κτ+κτ+κτ+τ+τ

Λλ=Λ γ
−γ

−

2
25

2
14231210

11
1

t,tAt,tAt,tAt,tAtr,tA,tAexp

ttVt
 (A20) 

Applying Ito’s lemma to (A20) and using (1), (2), and (3) yields: 

( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )( )( )

( ) ( ) ( ) ( )( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( )tdZ,tAt2,tA,tAt11

tdZ,tAt2,tA,tAt11

dt,tAt2,tA,tA,tAt2,tA,tA

t,tAt2,tA11t,tAt2,tA11

tt,tA11,tAt2,tA,tA2
2
1

,tAt2,tA,tA2
2
1tt111

2
1

,tA
2
1t,tAt2,tAtr11

t,tAt2,tAtr,tAt
t

,tA

t
t

,tAt
t

,tAt
t

,tAtr
t

,tA
t

,tA
tVt
tVtd

25232r12

14121r11

2r52311r4121

25231412

22r11r1
22

5235

22
4124

2
2

2
1

2
2r

2
1r

2
12523

1412rr1
2

2
5

2
1

4
2

3
1

210

2

1

21

21

2

1

22

11









στκ+τ+στ+κ







γ

−−+









στκ+τ+στ+κ







γ

−−+



σστκ+ττ+σστκ+ττ+

κστκ+τ







γ

−−κστκ+τ







γ

−−

κσ+κσ+τ







γ

−−στκ+τ+τ+

στκ+τ+τ+κ+κ







γ

−







γ

−+

σ+στ+κ−µθτκ+τ+







γ

−−

κ−µθτκ+τ+−µθτ+κ
∂

τ∂
+



 κ

∂
τ∂

+κ
∂

τ∂
+κ

∂
τ∂

+
∂

τ∂
+

∂
τ∂

=
Λ
Λ

κ

κ

κκ

κκ

κ

κ

κκ

κκ

 (A21) 

Since (A21) is a martingale, its drift should be zero. Therefore: 

( ) ( ) 0,tA11
t
,tA

r1
1 =θτ−








γ

−−
∂

τ∂   (A22) 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) 0,tA,tA2,tA11,tA11

,tA,tA2,tA,tA2
t

,tA

411r21r1

2442
22

11

1111

=ττσσ+τσ







γ

−−στ







γ

−−

τθ−τµθ+ττσ+
∂

τ∂

κκ

κκκκ

 (A23) 
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) 0,tA,tA2,tA11,tA11

,tA,tA2,tA,tA2
t

,tA

512r32r1

3553
23

22

2222

=ττσσ+τσ







γ

−−στ







γ

−−

τθ−τµθ+ττσ+
∂

τ∂

κκ

κκκκ

 (A24) 

( ) ( ) ( ) ( ) 0,tA211,tA2,tA2111
2
1

t
,tA

44
2

4
24

111
=τσ








γ

−−τθ−τσ+







γ

−







γ

−+
∂

τ∂
κκκ  (A25) 

( ) ( ) ( ) ( ) 0,tA211,tA2,tA2111
2
1

t
,tA

55
2

5
25

222
=τσ








γ

−−τθ−τσ+







γ

−







γ

−+
∂

τ∂
κκκ  (A26) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) 0,tA,tA

,tA,tA,tA,tA,tA,tA
2
1

,tA,tA
2
1,tA,tA

2
1

t
,tA

312r

211r32rr1
2

3
2

5
22

2
2

4
22

2r
2

1r
2

1
0

2

122112

211

=ττσσ+

ττσσ+τµθ+τµθ+µθτ+τσ+

τσ+τσ+τσ+σ+στ+
∂

τ∂

κ

κκκκκκ

κκκ

 (A27) 

 
We have: 

 ( ) ( )( )1e111,tA t

r
1

r −
θ








γ

−=τ −τθ−  (A28) 

Let’s focus now on (A25). It could be written as: 

 ( ) ( ) ( ) 444
2

44
4 a,tAb,tAc

t
,tA

+τ+τ=
∂

τ∂  (A29) 

 
where 

 

γ
−γ

γ
=









σ

γ
−γ

+θ=

σ−=

κκ

κ

11
2
1a

12b

2c

4

4

2
4

11

1

 (A30) 

Since: 

 011414ca4b 2
2

44
2

44 111
>σ

γ
−γ

γ
+








σ

γ
−γ

+θ=−=ϕ κκκ  (A31) 

when 1>γ , it follows that: 

 ( )
( )( )

( ) ( )( )t
444

t
4

4
4

4

e1b2

e1a2,tA
−τϕ−

−τϕ−

−ϕ+−ϕ

−
=τ  (A32) 
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and similarly 

 ( )
( )( )

( ) ( )( )t
555

t
5

5
5

5

e1b2

e1a2,tA
−τϕ−

−τϕ−

−ϕ+−ϕ

−
=τ  (A33) 

where 

 

γ
−γ

γ
=









σ

γ
−γ

+θ=

σ−=

κκ

κ

11
2
1a

12b

2c

5

5

2
5

22

2

 (A34) 

 011414ca4b 2
2

55
2

55 222
>σ

γ
−γ

γ
+








σ

γ
−γ

+θ=−=ϕ κκκ  (A35) 

On the other hand, we have: 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )ττσσ−στ







γ

−+

τµθ−τ+ττ=
∂

τ∂

κ

κκ

,tA,tA2,tA11

,tA2,tA
2
b,tA,tAc

t
,tA

411r1r1

42
4

424
2

1

11

 (A36) 

and  

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )ττσσ−στ







γ

−+

τµθ−τ+ττ=
∂

τ∂

κ

κκ

,tA,tA2,tA11

,tA2,tA
2
b,tA,tAc

t
,tA

512r2r1

53
5

535
3

2

22

 (A37) 

Using standard integral tables yields: 

 
( )

( )( ) ( ) ( )( ) ( )

( ) ( )ττσσ−









−τ

θ
σ

+−
θ
σ









γ

−+τ
ϕ

−µθ
−=τ

κ

−τθ

−τϕ−
κκ

,tA,tA2

te111,tA
e14

,tA

4111r

r

1rtr
2

r

1r

2

4

4

t4
11

2  (A38) 

Proof of Proposition 3: 
 

For ( )τ,tA1 , the result follows immediately from (A28). As to ( )τ,tA4 , first note that since 0a4 >  when γ 

> 1, then the numerator is always positive. As to the denominator, it could be rewritten as follows:  

 ( ) ( )( ) ( )( ) ( )t
4

t
44

t
444

444 ee1be1b2 −τϕ−−τϕ−−τϕ− ϕ+−−ϕ=−ϕ+−ϕ  (A39) 

From (A31), it follows that 44 b>ϕ  and therefore (A39) is always positive. The same hold for ( )τ,tA5 . 
Finally, concerning ( )τ,tA2 , note that the second term is negative. To see this, note that this holds when:  
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 ( )( ) ( ) ( ) ( )t
r

t

r

rr et10te11 −τθ−τθ <−τθ+⇔<−τ+−
θ

 (A40) 

which is always satisfied. The last term being positive, the sign of ( )τ,tA2  is indetermined.  
 

Proof of Proposition 5: 

 

Using (A28), one can write (23) in the following way: 

 

( )
( ) ( ) ( )

( ) ( )
( )( )
( )( )

( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) 








σκτ+τ
σκτ+τ

Σ+



















σ−
θ

σ−
θΣ








γ

−+







κ
κ

Σ
γ

=







β
α

κ

κ−

−τθ−

−τθ−

−−

2

1

r

r

t,tA2,tA
t,tA2,tA

T,t

1e1

1e1

T,t11
t
t

T,t1
t
t

253

1421

2r
t

r

1r
t

r1

2

11

 (A41) 

Given (10), the volatility of a discount bond maturing at the investor’s horizon writes:  

 
( ) ( ) ( )
( ) ( ) ( )

22

11

,tA,tA,t

,tA,tA,t

2rr2P

1rr1P

κκ

κκ

στ+στ=τσ

στ+στ=τσ
 (A42) 

Using the fact that: 

 ( ) ( )( )t

r
r

re11,tA −τθ−−
θ

−=τ  

we have: 

 
( ) ( )( ) ( )

( ) ( )( ) ( )
22

r

11

r

,tAe11,t

,tAe11,t

2r
t

r
2P

1r
t

r
1P

κκ
−τθ−

κκ
−τθ−

στ+σ−
θ

−=τσ

στ+σ−
θ

−=τσ
 (A43) 

Substituting for (A43) into (A41) yields: 

 

( )
( ) ( ) ( )

( ) ( )
( ) ( )
( ) ( )

( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) 








σκτ+τ
σκτ+τ

Σ+









στ−τσ
στ−τσ

Σ







γ

−+







κ
κ

Σ
γ

=







β
α

κ

κ−

κκ

κκ−−

2

1

22

11

t,tA2,tA
t,tA2,tA

T,t

,tA,t
,tA,t

T,t11
t
t

T,t1
t
t

253

1421

2P

1P1

2

11

 (A44) 

or else: 
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( )
( ) ( ) ( )

( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )




















σ







τ








γ

−−κτ+τ

σ







τ








γ

−−κτ+τ
Σ+









τσ
τσ

Σ







γ

−+







κ
κ

Σ
γ

=







β
α

κκ

κκ
−

−−

22

11

,tA11t,tA2,tA

,tA11t,tA2,tA
T,t

,t
,t

T,t11
t
t

T,t1
t
t

253

142
1

2P

1P1

2

11

 (A45) 

This is (31). Explicit calculations yield: 

 

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )T,tT,t

T,t,tA11t,tA2,tA

T,tT,t

T,t,tA11t,tA2,tA

T,tT,t
T,t,tT,t,t11

T,tT,t
T,ttT,tt1t

1P2S2P1S

1P253

1P2S2P1S

2P142

1P2S2P1S

1P2P2P1P

1P2S2P1S

1P22P1

22

11

σσ−σσ

σσ







τ








γ

−−κτ+τ

−

σσ−σσ

σσ







τ








γ

−−κτ+τ

+

σσ−σσ
στσ−στσ









γ

−+
σσ−σσ

σκ−σκ
γ

=α

κκ

κκ

 (A46) 

 

( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )T,tT,t

,tA11t,tA2,tA

T,tT,t

,tA11t,tA2,tA

T,tT,t
,t,t11

T,tT,t
tt1t

1P2S2P1S

2S142

1P2S2P1S

1S253

1P2S2P1S

1P2S2P1S

1P2S2P1S

12S21S

11

22

σσ−σσ

σσ







τ








γ

−−κτ+τ

−

σσ−σσ

σσ







τ








γ

−−κτ+τ

+

σσ−σσ
τσσ−τσσ









γ

−+
σσ−σσ
κσ−κσ

γ
=β

κκ

κκ

 (A47) 

When the traded discount bond has a maturity equal to the investor’s horizon, then: 

 ( ) ( ) ( ) ( )
( ) ( ) 0

,t,t
,t,t,t,t

1P2S2P1S

1P2P2P1P =
τσσ−τσσ

τστσ−τστσ  

 ( ) ( )
( ) ( ) 1

,t,t
,t,t

1P2S2P1S

1P2S2P1S =
τσσ−τσσ
τσσ−τσσ  

and therefore the second component in (A46) cancels out while the second component in (A47) is equal to 









γ

−
11 . 
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Figure 1a: Effects of investment horizon on Intertemporal Hedging components and the 
stock and bond mix when the discount bond allows a perfect hedge of interest rate risk.  
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Figure 1b: Effects of investment horizon on Intertemporal Hedging components and 
the stock and bond mix when the discount bond does not allow a perfect hedge of 
interest rate risk. 
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Figure 2a: Effects of the risk aversion parameter on Intertemporal Hedging components 
and the stock and bond mix when the discount bond allows a perfect hedge of interest 
rate risk. 

0.00

0.20

0.40

0.60

0.80

1.00

1 2 3 4 5 6 7 8 9 10 11 12

Risk Aversion

St
oc

k 
D

em
an

d 
C

om
po

ne
nt

s

MV - S IR - S MPR - S
 

-40.0
-30.0
-20.0
-10.0

0.0
10.0
20.0
30.0

1 2 3 4 5 6 7 8 9 10 11 12

Risk Aversion

B
on

d 
D

em
an

d 
C

om
po

ne
nt

s

MV - B IR - B MPR - B
 

-15.00

-10.00

-5.00

0.00

5.00

10.00

15.00

1 2 3 4 5 6 7 8 9 10 11 12

Risk Aversion

M
ix

Stock/Bond



 44    

Figure 2b: Effects of the risk aversion parameter on Intertemporal Hedging components 
and the stock and bond mix when the discount bond does not allow a perfect hedge of 
interest rate risk.  
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