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The Asset Allocation Puzzle Is Still A Puzzle.

Abstract

Intertemporal hedging activity has been advocated by the Finance literature as the
solution to the Asset Allocation Puzzle. A standing assumption made in the dynamic
asset allocation literature is that one or several bonds could perfectly hedge the
interest rate risk in the Economy. Moreover, when the market prices of risk are
allowed to be time varying, it is always assumed that they are driven by the same
state variables as the spot rate and that bonds are enough to hedge the risk stemming
from these market prices of risk. In a multi asset world, ceteris paribus, such
assumptions bias the portfolio allocation of a non-myopic investor towards bonds
which are then the only vehicle that should be used for the intertemporal hedging of
the interest rate risk and market prices of risk: this leads to a solution of the puzzle.

Such assumptions have no empirical support. On the contrary it has been shown
that bonds alone can not span all the uncertainty in the bond market. In addition, it is
likely that the market prices of risk are driven by some stock specific source of risk
and therefore bonds cannot hedge this particular source of risk. We solve explicitly
in this paper for the optimal portfolio choice of a rational investor when bond
markets are incomplete. It is shown that investors with a high level of risk aversion
could invest more in stocks than in bonds. A calibration of the results show that the
stock/bond mix is in general a U shaped function of the parameter of risk aversion
in absolute value.



1. Introduction

In an influential contribution, Canner et al. (1997) raised the Asset Allocation Puzzle.
The empirical evidence they documented is that popular advice on strategic asset
allocation recommends a high ratio of bonds to stocks for conservative investors and a
low ratio for less risk averse (aggressive) investors. This finding is in contrast to the
basic mutual fund separation theorem of Finance Theory that is related to the standard
Capital Asset Pricing Model (CAPM). According to the separation theorem, all risk
averse investors should hold the same ratio of bonds to stocks. Since then, many
solutions to this puzzle have been suggested. The most popular one has tried to show
that there are contexts in which such a behavior is compatible with rational expected-
utility maximization. The path followed by the Finance literature, which was actually
suggested by Canner et al. (1997) among other possibilities, lies in the intertemporal
dimension nature of the asset allocation issue that the CAPM ignores since it is a static

model.

While it was common place to assume in the literature on asset allocation that interest
rates are constant or deterministic, the puzzle motivated several studies that deal
explicitly with stochastic interest rates and their impact on the optimal asset allocation of
a rational expected utility maximizer. Part of these studies to be discussed below aim at
solving the raised puzzle. For example, Bajeux-Besnainou et al. (2001, 2003) and
Brennan and Xia (2000, 2002) explicitly solved the intertemporal portfolio allocation for
an expected utility maximizer under different settings. Moreover these studies show that
the portfolio allocation not only contains a speculative component, but also
intertemporal hedging components that hedge against changes in the investment
opportunity set until the investor’s horizon is reached. While such a feature was known
at least since Merton (1973), these studies explicitly related some of the hedging
components to stochastic interest rates. They were able to show that risk averse

investors invest more in bonds than in stocks as their risk aversion grows. This offered



an elegant solution to the puzzle. Such an explanation for the puzzle, grounded on
rigorous economic theory, is widely accepted among academics and practitioners as

well.

Our purpose in this paper is to show that this enthusiasm may be premature and that the
suggested explanation is highly contingent on the set of assumptions that have been
made so far. These assumptions lack empirical support and drive the results. When they
are relaxed, the puzzle turns out to be even more accentuated: investors with a high risk
aversion invest more in stocks. It turns out that the premiere intuition of Canner et al.
(1997) that intertemporal hedging activity is unlikely to provide a satisfactory answer to

the puzzle was right.

One standing characteristic of dynamic asset allocation models that explicitly deal with
interest rate risk is their assumption about the dynamics of the short term interest rate
that makes the bonds the only instrument for the purpose of intertemporal hedging of
interest rate risk. For example, Detemple et al. (2003)' and Liu (2001)* assume that the
dynamics of the bond which is traded are perfectly correlated with the spot rate. Lioui
and Poncet (2001) and Bajeux-Besnainou et al. (2003) also consider a multi-asset world
where the short term interest rate is the only state variable which is perfectly correlated
with a discount bond available for trading. In Brennan and Xia (2000, 2002), the
correlation between any discount bond and the short term interest rate is imperfect. They
however assume that two bonds are available for trading so that the combination of these

two bonds with the (locally) riskless asset yields a perfect hedge of the interest rate risk.

While most papers assumed constant market prices of risk, some papers solved for the

optimal strategic asset allocation of a power utility function investor when market prices

"In their multi-asset setting, equations (37) and (38).
% In his section 6, equations (76) and (77).



of risk are stochastic. However, when it is the case, these market prices of risk are
assumed to be driven by the same state variables as the spot rate and bonds are enough
to hedge the risk stemming from these market prices of risk. For example, Lioui and
Poncet (2001) assume that the market price of risk is an affine function of the spot rate
and thus it is perfectly correlated with the spot rate which is perfectly correlated with
traded bonds. Sangvinatsos and Wachter (2005) extended the analysis to a multifactor
setting. They assume that the market prices of risk are a linear function of m state
variables, and these m state variables also drive the spot rate in the Economy. Since m
non redundant bonds are traded, these assets are enough to hedge the risk stemming

from these market prices of risk.

The implication of these assumptions for strategic asset allocation are best understood
using the new portfolio decomposition suggested recently by Lioui and Poncet (2001)
and Detemple et al. (2003). Theses authors have shown that the optimal portfolio
strategy could be decomposed into three components: i) a standard myopic component,
1) a pure interest rate risk related component which intertemporaly hedges the risk
stemming from a bond maturing at the investor’s horizon and iii) a third intertemporal
hedging component related to the risk stemming from the joint distribution of the spot
rate and market prices of risk’. Assuming that the spot rate and the market prices of risk
could be hedged with bonds puts actually most if not the whole burden of intertemporal

hedging on the bonds.

At the empirical level, it has been widely documented that bonds alone cannot span the

uncertainty in the Bond Market (see Collin-Dufresne and Goldstein (2002) and the

3 More precisely, this component is related to the martingale that allows a change of numeraire from the
historical probability to a martingale mesure under a numeraire which is the discount bond maturing at the
investor’s horizon. For details, see Lioui and Poncet (2001).



references therein). Actually, even interest rate derivatives could not help complete the
Bond Market as recently shown by Fan et al. (2003). These Authors showed that
swaptions and their underlying market are well integrated and therefore cannot help
spanning the uncertainty in the Bond Market. It turns out that assets from other segments
of the financial market may be necessary to complete the bond market. In addition, it is
likely that the market prices of risk are driven by some stock specific source of risk and
therefore bonds cannot hedge this particular source of risk. Since factors affecting bond
returns also often affect stock returns®, stocks are good candidate for interest rate risk

hedging.

The objective of this paper is to build a framework where bond markets alone are
incomplete and therefore some stocks are useful for intertemporal hedging of the interest
rate risk and/or the market prices of risk. We look for an explicit solution so as to
investigate the behavior of the hedging components and the stock/bond mix of a non-
myopic investor. The investor is allowed to trade cash, a discount bond and a stock

index.

Our setting has two key features. The correlation between a discount bond and the short
term interest rate is imperfect and endogenous rather than determined exogenously. This
is achieved by allowing the market price of risk of the interest rate risk to be stochastic’.
A major consequence of our setting is that, even in a one factor term structure of interest
rates, any discount bond will be perfectly correlated with the short term interest rate but

the correlation can be positive or negative and it is time dependent. This is because the

*See Li (2002) and d’Addona and Kind (2005).

> This contrasts with the studies of Bajeux-Besnainou et al. (2001, 2003), Brennan and Xia (2002), Munk
and Sorensen (2004), and Mougeot (2003) where the market price of risk related to the interest rate risk
and is assumed to be constant. In a recent paper, Sangvinatsos and Wachter (2005) solved for the optimal
portfolio choice of an expected utility maximizer when the market prices of risk are stochastic in addition
to the spot rate. However, like in Brennan and Xia (2002), there are m state variables and m non-
redundant discount bonds are traded that allow perfect intertemporal hedging related to the presence of
these state variables.



discount bond is not only affected by the short term interest rate risk but also by
stochastic market price of risk. The second feature of our setting is that the stock market
and the bond market are allowed to be correlated. Therefore, the stock index demand not
only contains a hedging component related to the market prices of risk, but also an

interest rate related hedging component.

The implications for dynamic asset allocation of this more realistic setting are as

follows:

1) Even in the particular case where the bond alone serves to hedge the interest rate risk,
shorting or buying the bond depends on the investor’s horizon and the time until the
horizon is reached. In addition, the correlation between the bond and the short term
interest rate changes over time, and therefore may require a dramatic rebalancing of the
investor’s portfolio. For example, suppose that the correlation between the discount
bond and the spot rate is perfect and negative for a horizon (maturity) of five years.
Then the investor buys bonds to hedge the interest rate risk steming from her hedging
component. However, if the sign of the correlation changes at any point in time between
today and the investor’s horizon®, she will have to change dramatically her portfolio
allocation by selling bonds held in the portfolio and short selling some more bonds for

hedging purposes. This will yield changes in the stock/bond mix.

1) Another consequence of our setting is that the demand for bonds contains two
hedging components, one for the interest rate risk and one for the market prices of risk.

Since they may be of opposite sign depending on the dynamics of these variables, we

% Although bonds are in general negatively correlated with the spota rate, Mele (2003) recently showed
that in some cases and for certain maturities we may have a positive relation between the spot rate and the
bond prices. In our setting this may happens due to stochastic market prices of risk.



may end up with a bond demand that is only constituted of its speculative component

since the hedging components cancel out!

ii1) In the particular case where the bond alone serves to hedge the interest rate risk,
stock index demand still contains two components: a speculative component and an
intertemporal hedging component relative to the stochastic market prices of risk. As a
consequence, even in this particular case, the relation between the stock/bond mix and
the parameter of risk aversion turns out to be arbitrary and not decreasing as shown in

the literature.

In this paper, we solve for a CRRA investor who has to allocate her wealth between
cash, a stock index and a discount bond. Both the interest rate risk and the market prices
of risk are stochastic and imperfectly correlated. As a consequence, the discount bond
dynamics are imperfectly correlated with the dynamics of the spot rate. Our solution to
the optimal portfolio choice is explicit and does not rely on any approximation or on
Monte Carlo simulations. Therefore, a methodological contribution of the paper is to
extend studies that provided explicit solutions when i) only the market price of risk is
stochastic (Kim and Omberg (1996) and Wachter (2002)) or ii) the only source of risk
(state variable) in the economy is the interest rate risk that also affects the market price
of risk (Lioui and Poncet (2001)). Our explicit solution allows us to study in depth the
properties of the intertemporal hedging components in general and to contrast them with
the hedging components encountered in the literature. We conduct extensive simulations

of our results.

The remainder of the paper is planned as follows. In the next section we set out our

framework, in the third section we solve for the dynamic portfolio choice and in the

7 In Kim and Omberg (1996), the power utility agent has utility only from terminal wealth. In Wachter
(2002), the power utility agent has utility from intermediate consumption and terminal wealth.



fourth section we simulate our model for a particular set of parameters. The fifth section

concludes and some mathematical derivations are gathered in the appendix.

2. Preliminaries

We consider a multi asset economy, with stochastic interest rates and a stochastic market
price of risk. We restrict ourselves to an affine setting for the dynamics of the short rate.
More precisely, we assume that the short term interest rate (hereafter the spot rate)

follows an Ornstein — Uhlenbeck process a la Vasicek:
dr(t)z 9r(“’r _r(t))dt+Grldzl(t)+6r2dz2(t) (1)

where 0., u,,0,andc, are constants. Z, and Z, are two independent standard

Brownian motions. The uncertainty is formalized by the complete filtered space

(Q,F ,P), where QQ is the state space, F'is the c-algebra representing measurable events,
P is the actual (historical) probability and the filtration is the augmented filtration

generated by the Brownian motion assumed to satisfy the usual conditions".

Our modeling choice (1) deserves the following comment. Since the (non-stochastic)
weighted sum of the two Brownian increments could be written as a single Brownian

increment term, (1) could have been written with only one driving Brownian motion
Z.(t) where the volatility of the short term interest rate is G, =+/c? + o7, . Similarly,
the stock index dynamics would have included a source of risk Zg (t) For our purpose in
this paper, the two Brownian motions Z (t) and Z(t) will have to be correlated. Our

choice to model the dynamics of the interest rate according to (1) stems from the fact we

¥ The c-algebra contains the events whose probability with respect to P is null. See Karatzas ans Shreve
(1991), p. 89.



are using the martingale approach both for bond pricing and portfolio choice in the
sequel. Since most of the theory (change of measure, relation between traded assets
volatility matrix and market completeness, transformation of a dynamic optimization
problem into a static one,...) has been built for a standard d-dimensional Brownian
motion where each element is independent from the other, we would not have been able

to apply these results straightforwardly had we used Zr(t) and Zs(t) since they are

correlated. Hence our choice to model r(t) according to (1). Of course, we will allow for

a correlation between the stock index and the short term interest in our setting.

We assume that the market prices of risk associated with the two sources of risk driving

(1) follow mean reverting processes such that:
di,(t)=0, (1, —1 ()t +o, dz,(t) i=1.2 )

where 0_, 1, andc_ are constants.

(1) has been extensively used in the literature on the term structure of interest rates, but
also in the dynamic asset allocation literature’. A key difference between our setting and
the existing ones is that both the interest rate and the related market prices of risk are
assumed to be stochastic while only the interest rate was assumed to be stochastic in
most previous works (see for example Bajeux — Besnainou et al. (2001, 2003) and Munk
and Sorensen (2004))'°. This modeling procedure is flexible enough to highlight cases

previously dealt within the literature as particular cases of our results.

Agents trade continuously in a perfect and arbitrage free complete market. The pricing

kernel in such an economy, denoted A, is known to follow the dynamics:

? For a review of affine processes and their use in model building in Finance, see the recent paper by
Duffie et al. (2003).

19 For a critical review of the role of the market price of risk in models of the term structure of interest
rates, see the recent survey by Dai and Singleton (2003).



) b 0K 1), 0K 0) ®

The martingale approach usually defines a martingale measure, Q, which is equivalent to
P, the historical probability, such that discounted prices are martingales when the
riskless asset is the numéraire. The no arbitrage and market completeness assumptions
imply that Q exists and is unique. In addition, if a (locally) riskless asset is traded and

the market prices of risk are such that their parameters satisfy the Novikov condition'':

Eo[exp{ jot(Kf (s)+1<§(s)dst <o, for0<t<o

this martingale measure is such that:

S ) =expl- [0~ [6kZ.6)- [l 6F P ks @

dP|,
Then it is well known that:
Alt)=B(t) 'n(t)=h(t)" (5)

where:

(LBT(:)) = r(t)dt (6)

and h(t) is the optimal portfolio of a logarithmic investor in the Economy.

Since we want our market to be complete, we assume that, in addition to the riskless

asset (6), two risky assets are traded, a stock index the dynamics of which is:

i(t) = Hs(t)dt +0g le(t)+ s, dZ, (t) @

S(t)

! See Karatzas and Shreve (1991), Proposition 5.12, page 198.
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where 6, and G, are constant, and a discount bond maturing at time T solving:

) b (a0, (14,0 0 0102, ) ®)
We do not assume any particular function for the drift of (7), but only that this stochastic
differential equation has a unique solution'?. The specification (7) implies that the stock
index price process is only driven by the sources of risk that drive the discount
bond/short rate. This is a simplifying assumption that we make since it seems reasonable
to assume that some specific source of risk affects the stock index price dynamics.
Nevertheless, a new source of risk can always be added in the previous specification (7)
as long as an additional asset is introduced to allow for market completeness. Such an
asset could be an option on the stock index or even an index futures contract. The latter
will not be perfectly correlated with the stock index due to stochastic interest rates.
Therefore, it will allow for market completeness. As long as markets are complete,
derivatives prices can be calculated explicitly in our setting. While the presence of a
third asset will certainly enrich the analysis, its absence does not affect the main

message of the paper.

Given that (1) and that the market is complete and arbitrage free, the parameters of the

dynamics (8) can be computed explicitly. The solution to (8) is given in the following

Proposition 1:

The price of a discount bond maturing at time T is:

P(t, T) _ eA(t,TﬁA,(t,T)r(mAK] (6T (LA, (6T )k, () (9)

" The main condition is that p (t) is locally Lipschitz-continuous in the space variable. See Karatzas and

Shreve (1991), Theorem 2.5, page 287. One can similarly put conditions on the parameters of the spot rate
and the market prices of risk for this to hold since, when there is no arbitrage, we must have that:

Mg (t): r(t)+ o, K, (t)+ oK, (t) .

11



where A(t,T) is explicitly given in the Appendix and

AL T) === 0)

The price (9) is of a standard form given our affine market: it is an exponential function
of the spot rate and the market price of risk. Applying Ito’s lemma to (9) yields the

volatility parameters of the discount bond:

cSPl (t’T) = Ar(t’T)Grl + AK] (t’T)GKl

10
6on(tT)= A, (LTI, + A, (LT)o, (10

When the market price of risk is stochastic, it follows from (10) that the correlation
between the bond and the spot rate is imperfect. An interesting particular case is when

the spot rate is driven by a single source of risk (one factor term structure). Suppose for

example that o, =0. It follows that the correlation between the spot rate and the

discount bond is perfect and equal to:

Ar (t’T)Grl + AK] (t’T)GKI
r(t’T)Grl + AK] (t’T)GKI

and therefore this correlation may be positive or negative depending on the parameters

QY

of the dynamics of the spot rate and the market price of risk, as well as on the bond

maturity. These features have important consequences for dynamic hedging purposes.

When following a dynamic self-financing trading strategy that combines the available

assets, an investor’s wealth dynamics is:

av(y) _ 1ds(t) dp(t,T) | dB(t)
V() O‘(\S() +B(t) (t’T) (1—0t(t)—B(t))B—tt) (12)

12



where a(t)and B(t) are the proportions of the investor’s wealth invested in the stock

index and the discount bond, respectively. Using (7) and (8) yields:

av(e) (‘)dt{% Gpl(t,T)}{a(t)} {le(t)} "~

v(t) o5 o (6 T)LB(t)] | 42, (1)

Assuming that markets are complete is equivalent to assuming that the volatility matrix
appearing in (13) is invertible. For further use, we will denote this volatility matrix as

follows:

E(t,T)s[% Gm(t,T)}

Gs2 Op taT)

We are now fully equipped to conduct our analysis that consists in finding the optimal

dynamic asset allocation for a CRRA investor in the previous setting.
3. Dynamic Asset Allocation

In this section, we characterize an investor’s optimal wealth and compute the optimal
dynamic asset allocation. For ease of exposition, we use, in the standard framework of a
complete and frictionless market, the martingale approach to portfolio choice developed
by Pliska (1986), Karatzas et al. (1987) and Cox and Huang (1989). In this, we follow
many recent contributions like Lioui and Poncet (2001), Wachter (2002), Detemple et al.
(2003) and Cvitanic et al. (2003).

Following Cox and Huang (1989), the investor’s problem is solved in two steps. First,
the investor’s optimal terminal wealth is determined, and then the dynamic strategy
which replicates it is found. The investor’s program is thus transformed into the

following static problem:

13



(14)

We limit our discussion to investors with y > 1, i.e., those who are more risk averse than
the logarithmic investor. This is the case investigated by all the papers cited above and
that deal with asset allocation in an intertemporal setting. Cox and Huang (1989)

showed that the solution to this program is unique and such that:

1

— 1
V(t)=1"A(r) (15)
where the Lagrange multiplier A relative to the budget constraint is characterized by:
1
A “’EO[A(I)U} =V(0) (16)

The optimal wealth at each date t can be computed according to:
ARV()=E [A)V() (17)

where E; is the expectation under P conditional on the information available at time t.

This implies:
-~ i A ’E) T
V(t)=r "A(t)VE, || =< (18)
Explicit computations yield:

Proposition 2:

The investor’s optimal wealth is:

1

V() =1 AG) T (0, () (19)

14



where:
(o 0,0 = exp] 1) 4,1 C)
+(A2 (ta T) +A, (ta T)Kl (t))Kl (t) + (A3 (t’ T) +Ag (ta T)Kz (t))Kz (t)}

(20)

and

A, (t7)= (1 —l]ei(e“*r““) ~1)

Y)Y,

40 u, (1 —e Ve (“‘))

R A4(t,r)+%(1_lj2(eir(1_eer<f-t>)+(T_t)j

r Y

_2Gr161<1 Al (t9 T)A4 (t’ T)

_ 2
A3(t,r):—4e“2““2(1\/(?e : )As(t,r)+%(l—%] (ei(l_eer<r—t>)+(f_t)j
5 r r

_2GI‘20K2A1 (t’ T)AS (t’ T)

20 - 1)

A (t,r)z N
! 2 (p4—(b4+\/(p_4x1—e Joul t))
A1) 2a5(1—e*¢‘75(“))
o 2,/ —(b5+\/(p_5x1—e“/‘p75“7t))
a, :llY__l b4 — Z(GKI +Y__16Kl] C, :—ZGKIZ
2y vy Y
1Y 1y-l
¢, =b,’ —da,c, = 4(9Kl +Y;GKJ +4—Y;csKl >0
Y Y v
a; :lly__l b5 - Z(QKZ +Y__IGK2J Cs = —2(5K22
2y vy Y

15



The investor’s optimal wealth reflects the properties of our affine setting. It is an
exponential function of the spot rate and the market prices of risk. Indeed, given (15),
the investor’s optimal wealth can be interpreted as a contingent claim on the pricing
kernel. Therefore, its price at any time t is a function of the relevant sources of risk for
this contingent claim. A crucial difference between result (19) and the standard features
of affine models is that the term in the exponential is not a linear but a nonlinear
function of the underlying state variables. This makes the derivation more complicated

as shown in the Appendix.

The derivation of the optimal dynamic strategy follows from applying Ito’s lemma to

(19). As such, we first set the following:

Proposition 3:
When y > 1, the functions appearing in (20) have the following signs:

Al(t,t)

A, (t, r)
As(t,r) >

IA

Y

0

0 2D
0

while the sign of A, (t,t)and A;(t,7) is indeterminate.

Let us now turn to the optimal strategy to be followed by the investor. Applying Ito’s
lemma to (19) yields:

VO _ (g +(l K(0)+ A (LT)o, + (A (67)+ 24, (L) (o, ]dzl (t)

V(t) Y

+(1K2 (t)+A,(t)o,, + (A, (1) +2A,(t, T, (t))GK2 szz (t)

Y

(22)

16



Identifying with (13) yields:

Proposition 4:
The optimal dynamic strategy is such that:

e s

(23)

or, equivalently,

( )GPZ( t, )
a(t) Y (5515?2( t, ) G5,0p (t T)
r19p2 (t, ) O20p; (t T)
+A1( \55101)2 (ta ) Gs520p (t T) -
L (A (67)+ 24, (L) (D)o, 00 (6 T) ~ (A4 (1) + 24, (L), (o, 0 (LT)

Gs10p (ta T)_ G520 (ta T)

Kz( )GPI (t T)

B(t): 1 ogx, (t)_cszKl(t)
Y Gsi10p2 (t’T)_ O520p (t,T)
G510, 050
G5 10p; (t,T)— O5,0p (taT) (25)

(A3 (t’ T) +2A; (t’ T)Kz (t))GKz Gs — (Az (ta T)"' 2A, (ta T)Kl (t))GK| Gso

G510p, (taT)_ G5,0p (taT)

+A, (t,r)

+

As it appears in (23) or (24) and (25), the optimal strategy involves three components in
the demand for each risky asset: a mean-variance component (the first component in the
RHS of (23), (24) and (25)) and two intertemporal hedging components which are
related to interest rate risk (the second component in the RHS of (23), (24) and (25)) and

the risk stemming from the market prices of risk.

17



To disentangle the intuition behind (23), we first focus on a particular case in which the
discount bond, the short rate and the corresponding market price of risk are all perfectly
correlated. In addition, the stock index is not correlated at all with the spot rate and/or its
corresponding market price of risk. This is to insure that the whole burden of interest

rate risk hedging falls on the discount bond. It corresponds to the case 6, =c,, =0".In

such a case, (24) and (25) become:

am:%f;(t)+(A3<m>+zAsa,r)Kz(t»sz 6)
502150 )% (AL ()24 (e () -2 @)
P ) L () M S A SR

The demand for the stock index has two components, a speculative component (the first
component on the RHS of (26)) and a hedging component that is related to the market
price of risk associated with the stock index risk. Naturally, this hedging component is
also a perfect hedge component since the stock index is perfectly correlated with it. As
to the bond demand, it has three components. Like in the stock index, there are one
speculative component and two intertemporal hedging components. The first hedging
component (the second term in the RHS of (27)) is a perfect hedge against the interest
rate risk. The second intertemporal hedging component (the last component in the RHS
of (27)) hedges against the risk stemming from the market price of risk of the interest
rate risk. These hedging components have features very similar to those derived by
Detemple et al. (2003) for example. The interest rate hedging component is very stable;
it is actually deterministic in our setting. However, a notable difference with Detemple
et al. (2003) is that its sign can be positive or negative and may change as time passes.

The same holds for the market price of risk hedging component in (27). Since it depends

=o,=0.

"3 1t also correspond to the case & f

S2

18



on the market price of risk level, it is stochastic, although its sign is indeterminate and

could change as time passes.

What does hedging activity imply for stock index and bond demand ? Actually, and
perhaps fortunately, the results are not clear cut. As to the stock index, a negative market
price of risk would always imply short selling the stock index, both for speculative and
hedging components. However, if the market prices of risk were positive, this would
imply buying stocks for speculation but does not necessarily imply buying stocks for
hedging their corresponding market prices of risk. To see this, note that given (21),

A4(t,7)+2A4(t, T, (t) may be positive or negative. As to the bond demand, hedging

components may theoretically have any impact on it. It could even be reduced to the
demand of a pure myopic investor. This uncertainty on the impact of the hedging
components on the demand for the stock index and for the bond obviously translates into

the stock/bond mix.

Let us now turn to the general case in (24) and (25). Its main feature is that the interest
rate related hedging components are deterministic, both in the stock index demand and
the bond demand. Both assets are used to hedge interest rate risk. Nevertheless the sign
of these hedging components cannot be determined. Another interesting feature of (24)
and (25) is that the market price of risk hedging component can also be decomposed into
a deterministic component and a stochastic component. To see this, note that the third

component on the RHS of (23) can be written as:

(Az(tar)+2A4(t7T)K1(t))GK, _ = Az(tar)cx,
<A3<m>+zAsa,r)Kz(t»aKz}‘Z(“) {Axm)csj

A, (t, ‘C)Kl (t)G

+25(t, T)" { ALk, (t)GZ }

The last component on the RHS of (28) depends upon the level of the market price of

>(t,T)"
(28)

risk and thus inherits their variability in our setting.
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Finally, let us write (24) and (25) in the following way:

_A l GSZKl(t)_ 531K2(t) GPz(t’T)
a(t)_ (t)+ Y (Gsppz(t T)_ Gschl(t:T) Gy,
\Grlcpz( ) rZGPl(t T)
A (t IGPZ( £, ) Gszcm(t T) )
LB (67)+ 24, (6 T (D)oo, —(As(61)+ 2A5(L 1) (Doso, o, (1, T)
G5161)2(‘[;1“) GSZGPl(t’T) G5

_R +l Gpl(taT)Kz(t)_sz(t:T)Kl(t) Osi
B(t)_ B(t) Y( GSIGPZ(t T)_Gszcm(t’T) GPl(t’T)j
_ 1) sz( ) Grzﬁm(taT) Osi
A (t 5151)2( ) GSZGPl(t’T) GPl(t’T) GO
+ (As(tat)"' 2A; (t’T)Kz (t))GKZGPl(t’T)_ (Az (tat)"' 2A, (taT)Kl (t))GK] Op, (t’T) Og
GSIGPZ(t’T)_ GSZGPl(t’T) GPl(t’T)

Equations (29) and (30) clearly show the bias introduced by assuming perfect
correlation between the spot rate and the bond. In general, any profile for the hedging

components is possible. This is also true for the stock/bond mix.

In the general analysis above we have assumed that the discount bond is a long-lived
asset and thus that its maturity is greater or equal to the investor’s horizon. An
interesting issue is to what extent our results would be affected had this maturity been
equal to the investor’s horizon. More generally, what is the impact of the investor’s
horizon on the structure of the optimal risky assets demands? It is now well documented
that the optimal asset allocation of a rational investor will always include trading
directly or synthetically in a discount bond maturing at the investor’s horizon. To exhibit
the importance of the investor’s horizon, the alternative optimal portfolio strategy
decomposition suggested by Lioui and Poncet (2001) or Detemple et al. (2003) can be
used. Standard decomposition a la Merton decomposes the portfolio strategy into a
speculative (mean — variance efficient) component and intertemporal hedging

components related to the state variables. Alternatively, Lioui and Poncet (2001) or
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Detemple et al. (2003) showed that the optimal strategy could be decomposed into a
speculative (mean — variance efficient) component, an intertemporal hedging component
related to the interest rate risk of a discount bond maturing at the investor’s horizon',
and another intertemporal hedging component related to the stochastic market prices of

risk. In our specific setting, the optimal strategy in the following way can be written:

Proposition 5:

The optimal asset allocation is such that:

ol e )
(Az(t,t)+2A4(t,t)K1(t)—(1—%JAK] (t,r)JGK] G1)
(A3(t,t)+2A5(t,1:)1<2(t)—(1—% A, (t,r)}%

+2(t,T)"

The second component in (31) (the second term on the RHS) is now clearly related to
the interest rate risk of a discount bond maturing at the investor’s horizon. Moreover,
both the stock and the bond are used to replicate this bond. (31) is usefdul because it
shows the difference between a static and an intertermporal setting in explaining the
Puzzle. In an intertermporal setting, what a model needs to explain the Puzzle is
intertemporal hedging components. To see this, note that without state variables (i.e.,

when interest rate and market prices of risk are not stochastic) (31) becomes:

{E((:))} _ lZ(t,T)fl []‘: E?)} PN OL(t) K, (t)cpz (t>T)_ K, (t)GPl (taT) (32)

Y

B(t) SHLS (t)_cszK1(t)

' This is a generalization of Sorensen (1999) original result that was shown to hold only under a specific
dynamics of the spot rate and constant market price(s) of risk.
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Therefore, the stock/bond ratio is independent from the investor’s parameter of risk
aversion and therefore the intertemporal setting is unable to explain the Puzzle. It must
be noted that whether the maturity of the traded bond T is greater or equal to the
investor’s horizon does not affect the conclusion. Now if we assume that only the spot
rate is stochastic while the market prices of risk are deterministic, this introduces

intertemporal hedging components so that (31) becomes:
O‘(t)} 1 —1{'(1 (t)} [ IJ —1[51)1 (t”c)}
==3(t, T 1-— [=(t,T 33
|:B(t) Y ( ) K, (t) " Y ( ) Op, (t’T) G

(33) shows that the relationship between the stock/bond ratio and the parameter of risk
aversion is not clear. Therefore, (33) does not provide in general a solution to the Puzzle
although this ratio depends now upon the parameter of risk aversion. Yet (33) allows us
to understand why previous authors were able to explain the Puzzle in an intertemporal
setting. Another advantage of (33) (and thus of our setting) is that it allows us to put the
whole burden of intertemporal interest rate risk hedging on the bond without assuming
that the bond and the stock index have correlation 0 or that the bond and the spot rate are
perfectly correlated. Given (31), the same objective can be achieved (i.e., when the
intertemporal interest rate risk can be hedged with the bond only) by assuming that the
traded discount bond maturity is equal to the investor’s horizon. In this case, the second

term on the RHS of (33) becomes:
1 1| Opp (t,r) _ 1) Gy Op (t,‘t) B Opi (t,r) _ 10
(1 B ;JZ(L T) [sz (t’ T)} - (1 _;J[Gsz Gp, (ta T)} Lspz (t’ 1:) - (1 B ;] 1 B9

and therefore:
i

The presence of a discount bond maturing at the investor’s maturity thus put all the
burden of intertemporal interest rate risk hedging on this bond. It must be noted that

(25) and (26) above have been obtained under the assumption that the correlation
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between the stock index and the spot interest rate/traded discount bond is 0. Given (35),

the stock/bond ratio is thus:

—G05200p; (tfc) (36)

Therefore, the stock/bond ratio is a decreasing function of the investor’s parameter of
risk aversion and an elegant explanation for the Puzzle is obtained. This is exactly the
way Bajeux — Besnainou et al. (2001) were able to explain the Puzzle. It must be

reminded that in a static setting, as clearly explained by Bajeux — Besnainou et al.

(2001), the Puzzle cannot be explained if a discount bond maturing at the investor’s
horizon is traded while in an intertemporal setting the Puzzle may still be explained. The
reason is the presence of intertemporal hedging components in an intertemporal setting

and their absence in a static setting.

Finally, when market prices of risk are stochastic, a simple decreasing relation between
the stock/bond ratio and the parameter of risk aversion as the one in (36) fails to hold.
Therefore, even with intertemporal hedging, no satisfactory explanation to the Puzzle

can be provided when the stock market and the bond market are correlated.

We seek further insights from (24) and (25) through a simulation of our model.

4. Simulations

In this section, we report results obtained from simulations of the preceding findings.

The basic set of parameters has been chosen as follows:
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r(0)=0.04  ,(0)=03 «,(0)=03 oy =0.20
0,=008  0,=009 0,=007 oy =018
6, =004 p, =006 p, =0065

5,=0035 o,=015 o, =016

(37

The choice of parameters is based on parameters used in previous studies like Detemple
et al. (2003) and Cvitanic et al. (2003). We assumed that the traded bond has a maturity
of 15 years and the results are qualitatively not affected by this choice. As to the
investor’s parameters, we use a horizon of 5 years and a coefficient of risk aversion of 5

when such parameters are kept constant for the analysis.

For comparison, we reported the components of the stock and bond demand, as well as
the stock/bond mix in two cases. In the first case, the discount bond is the only
instrument for interest rate risk hedging (the stock index and the bond return are not
correlated); in the second case, the bond is not the only instrument for risk hedging and
needs to be combined with the stock index. The former case has been considered in the
literature when the discount bond is constrained to be negatively perfectly correlated
with the spot rate. In our setting, the correlation is constrained to be perfect but its sign
is endogenous and time dependent. MV, IR and MPR stand for the mean-variance, the
interest rate hedging and the market prices of risk hedging components, respectively. In
order to attenuate the impact of the particular choice of the parameters (37), we report
the relative part of each component in the total demand for the risky asset. For example,
the MV-S is the ratio of the mean variance component in the stock index demand over
the total stock index demand. The stock/bond mix is simply the ratio of the total stock

index demand to the total bond demand.

Our first results pertain to the behavior of the stock index demand and discount bond

demand as functions of the investor’s horizon.

Figure 1
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In figure 1a we report the risky assets demand components when the bond is the only
instrument used to hedge the interest rate risk. We report the components of the demand
for the stock index, the components of the demand for the discount bond and the stock
demand to bond demand ratio. It must be noted that the dependence of the mean —
variance component upon the horizon stems from the fact that we reported the ratio of
this component to the total demand. Since the latter is horizon dependent, this ratio will
also be horizon dependent. In absolute terms, the mean — variance component is horizon

independent, both in the stock index and the bond demands.

The stock index demand has two components: a speculative component (MV-S) and a
market price of risk hedging component (MPR-S). The interest rate risk hedging
component (IR-S) is zero by construction in Figure 1a. The speculative component is a
decreasing function of the horizon. Thus, the market price of risk hedging component is
an increasing function of the investor’s horizon. The latter component is predominant in
the demand for the stock index after a horizon of around 3.5 years. The discount bond
demand has three components: a speculative component and two intertemporal hedging
components. A key feature of the latter hedging demands is that they are always of
opposite sign. Interest rate risk hedging always commands buying bonds while the
market price of risk hedging component always requires short selling of bonds. As a
consequence, the total bond demand will be positive or negative depending on which
component will be predominant. Since optimal asset allocation always requires buying

the stock index, the sign of the stock/bond ratio depends upon the bond demand sign.

When the stock index is involved in interest rate hedging activity, the features of risky
asset demands change considerably as shown in Figure 1b. The additional interest rate
risk hedging component in the stock index demand is always negative and thus requires
shorting the stock index. However, since the speculative component and the market

prices of risk related component are still positive in this case, the total stock index
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demand remains positive. In the bond demand, the more important change is that until
an horizon of 9 years, all the bond demand components are positive and therefore total
bond demand is positive. As a consequence, the stock/bond ratio is also always positive
and increasing in the horizon. After a horizon of 9 years, the market prices of risk related
components become negative and predominant in the bond demand. The bond demand
thus becomes negative. As a consequence, the stock/bond ratio becomes negative and

decreasing in absolute value.

While the optimal asset allocation always implies long positions in the stock index, the
bond position depends on the correlation between the stock index and the bond. As a
consequence, the behavior of the stock/bond mix will have an arbitrary behavior in

general.

Figure 2

In Figure 2, we report the behavior of the components of the risky asset demand as
functions of the investor’s coefficient of risk aversion. In Figure 2a, the discount bond is
the only instrument for interest rate hedging, while in Figure 2b, both the discount bond

and the stock index are used for interest rate risk hedging.

As expected, the more risk averse the investor, the more predominant are the
intertemporal hedging components. The stock/bond ratio turns out to be an inverse U-
shaped function of the parameter of risk aversion in absolute terms when the bond and
the stock index are not correlated (Figure 2a). However, when the stock market and the
bond market are correlated, the stock/bond ratio turns out to be a U-shaped function of
the parameter of risk aversion in absolute terms (Figure 2b). In the latter case and for
low levels of risk aversion (up to 6), it is a decreasing function of the risk aversion; for
levels greater than 6, it becomes an increasing function in absolute terms. It must be

noted that in related literature, the ratio was found to be a monotonic decreasing function
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of the parameter of risk aversion.

5. Concluding Remarks

We have shown that assuming that interest rate risk can be perfectly hedged using a
traded bond has important consequences as to the behavior of the intertemporal hedging
components of a rational investor. In particular, any profile of the stock/bond mix could
be reached and therefore intertemporal hedging activity seems unlikely to provide a
convincing answer to the Asset Allocation Puzzle. Relative to a static setting, an
intertemporal setting allows the stock/bond mix to be a function of investor’s risk
aversion parameter. Yet, only in particular cases will this relation be a decreasing

relation that may rationalize empirical evidence.

The paper focuses on the “Asset Allocation Puzzle” and the notion that intertemporal
hedging does not necessarily solve this puzzle. Several papers showed that hedging
demands can have complex behavior relative to investment horizon and/or risk aversion
when multiple assets and/or multiple state variables come into play'’. The present paper
enhances this conclusion by considering a setting with imperfect correlation between the

interest rate and possible hedging instruments'®.

A possible direction for solving such a puzzle has been provided by Shalit and Yitzhaki
(2003). They showed that the right way to look at the puzzle is from the point of view of
the investment advisor and not of a particular investor. Therefore, what Shalit and
Yitzhaki (2003) suggest is simply to check whether the suggested portfolio by the
investment advisor is efficient at least for one rational risk averse investor. Their answer

is positive when grounded on the stochastic dominance analysis. These findings are

'3 See Lynch and Tan (2005) and the References therein.
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promising and pave the way for challenging questions for future research.

' T would like to thank a Referee for this suggested perspective on the paper contribution.
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Appendix

Proof of Proposition 1:

The price at time t of a discount bond maturing at time T is:
P(t,T) _of 1
B(t) B(T)
where E?[ ] denotes expectation under the martingale measure Q and thus:
P(t,T)=E? {exp{— LT r(s)dsH

Now under Q, the dynamics (1) become:

dr(t) = (er (“’r - r(t))— SELS (t)_ 0K, (t))dt + Grldzl (t)+ Grzdzz (t)

and

di,(1)=0, (u, —(1+0, ) (Okt+o, dZ(0)
where Zi is a standard Brownian motion under Q. It follows that:

J oM = (=)= o)) G b= G s s

r

”de fzjdz

From (A3), it follows that:

r(T)Ze 0.(T- ) +9 M I “)ds — o), er(TiS)Kl(S)dS—GrQLTefe (1-s)

+0, tT e r(T’°)dZI(s)+ c,, tT e r(T’°)d22(s)

Substituting into (AS) yields:

J| rls)as =

| -

y S I (G
rl LT (1 —efe' Tis))Kl (S)dS -~ J.tT (1 _eie’ (Tis))'<2 (s)ds
e 9+ 22 o

T r

a ©

D

-

Qq

From (2), it follows that:

s)ds

(AD)

(A2)

(A3)

(A4)

(AS5)

(A6)

(AT)
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0,-0, (I+c -0, (1+o,

LT<1_e—9, (TS))Ki(S)dSZ—[ 1—e (1) )JKi(t)_e gKlHK, )f(l_e,e,(rfs))ds

(A8)
er T _ GK‘ T e (T—s) "
o e e e A

and from (2) it follows that:

_[ ()dS—(H_(; )( _t)_e (110 )(Ki(T)_Ki(t))*'ﬂi‘_c)fdzi(S) (A9)
Since:

Ki(T):efe“"(HG“‘)(Tft)Ki(t)—kOKiuK] IT Oy o N9 Yds+ o, J. (o r-s) 47, (s) (A10)

Substituting into (A9) yields:

-0, (1+o,, JT-1)

T _1-e M, A LR (P )
R Try Rl vy (U0 AR

+ Ox T(] = 0 v kT=s) 7(s)
o o)
K; GK,

and thus substituting into (A8) yields:

I e SRR S SIS0
b [ (- [t o, [ “Uds] (A12)
. o, IT[ 0, )(1 Ol XT—s))_ (1 _ ee,as))]dzi (s)

(Al1)

Substituting into (A7) yields:
~[Trhs =a, (LT A TR+ A, (T 0+ A, (LT (1)
+_[ arl(t,T)dZI(s)+J.thrz(t,T)dzz(s)

(A13)

where:

A (t,T)= _ei(l 1)

T
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a,(LT) = (-0 [ e
5 . ((T ) [Tl XT’S)dsj 0, [(1- ee'(“))dsJ

+ rl MK]
0, 6,-0,(1+c, ) (I+c,)
T o, (+o,, )(Tfs)ds)_e J~T (l_ee'(Ts))dS]
K5 )

Lo My, [(1 +6;K2)((T_t)__[ o

e_rer_eKz(l+GKz)

G 1 {em 6, )(1_6% (1+o,, )(T—t))_ (l—ee’(Tt))\]

A (1T)= e 0,-0,_(I+c, )| 0, (i+o,

Oii Oy, ( 0, -0, (1+,, JT=s) -0,(T-s) -0, (T-s)
At.T)= 11— i i 1= e —1- .
=g {er—eK,(1+cK,)LeK,(1+cK,)( ) U
Using (A13), it follows that:
L z+8 28, ? S
P(LT)= G TP T A (T (e, (1T (e (T +e,0 (s.T) o (Al4)

Defining
(A15)

A(t,T) = ar(t,T)+ %LT (Srl(S,T)Z + Srz(s,T)2 )ds

and integrating yields

T

", 0,-0, (l+o, )\ (t+o,

Cc, My, { 6, )((T _ t)— LT o (1+o,, )(Tfs)dsj B eKl J'tT (1 _e (TS)}jSJ

c,, Ky, {(1 +9r )((T—t)—jTee” (1+o,, )(T—s)dsj_eK J‘T (l_ee,(Ts))dSJ
GK2 t 2.Jt

" 0, 6,-6,(1+o, )
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Glcl er [ GK, " IJ}LT e_OK' (1+u:rKI )(T—s)ds

0,-6,(1+0, )0, (1+0. ) 6,6 (1+0,)

o 9r

K1

2
GK| _ T 76r(T75)
{[er -0, (1+o, i“j 0,-0, (1+0, )0 (l+o, ){e, —9K1(1+0K1)+1J}L e s
2 2
J ( O, +1J JT ¢ 20:(T=s)qq
er - Ky !

K1

2
_ (e GK, 9, GKl T —(9,+6K| (HUK. ))(T—s)
0o )0 —6K1(1+6K1)9K|(1+GKI)(9r—9KI(1+GKI)+1JJ.‘ ¢ ds



+l O ’ O, 0, 2+ % +1 2
2( 6, 0,-0,(0+c,)0 (+oc,) 0,-0,(+c,)

> %w 0 O, 1Yt -1)
"0,-0,_(1+0, )0, (+o. )0, -0 [+ ) [~

2 2
1{o, O, 0, T 20, (1+o,, (T-s)
+2(6r]{Gr—6K2(1+6K2)6K2(1+(5K2)Jle ds

_ O, 0, Ok, T e, (1+o,, T-s)
er - e"z (1 + GKz ) OKZ (1 + GKz )(er _ eKz (1 + GKZ ) + 1]}[{ € ds

2 2
| O O, B O, 0, ( o, T ot
(ef {(er_eKz(HGKZ)HJ 9,—6K2(1+6K2)9K2(1+6K2)L6,—6K2(1+6K2)+1J}.[ ¢ ds

2 2
n S O, +1 J‘Tefze,(Tfs)dS
0 0, -0 l+o, t

2
(on o, o, [ o T (o0 (e Jir-s)
[e 0 —ekz(1+ckz)ek7(1+cm)(er—9K2(1+ckz)+lJLe ds

r T

Substituting into (A14) yields the desired result.

Proof of Proposition 2:

We have:

R e

(A16)

1-y v -y
+Tyjt KI(S)dZI(S)+TY.[ Kz(s)dzz(s)H

Given the Markovian properety of our setting, it follows that:

Et|:[ /[t((:;]v] _ H(t,’c,r(t), Kl(t),'(z (t), Kl(t)z’Kz (t)z) (A17)

and we guess a solution like:

(e () e (e, (1) =
exp{AO(t, AL, ‘c)r(t)+ Az(ta e, (t)+ A, (t’T)Kz(t)*' AL (1) + As(tﬁ)‘(z(t)z}

(A18)
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Substituting into (18) yields:

1

V(t)=n Aty

eXP{Ao(t’ T)"‘Al(ts r)r(t)—i— Az(t’ T)Kl(t)"' A, (t’T)Kz(t)"' Ay (t’ T)Kl (t) + As(t’r)‘cz(t)z}

= | =

(A19)

and then:

(A20)

exp{AO(t,r)+Al(t,f)r(t)+ A6 (0 A (6 s (04 A, (6 ) (o +A5(t,«,-)K2(t)2}

Applying Ito’s lemma to (A20) and using (1), (2), and (3) yields:

d[(\(it))\\,/((tt)) = {aA‘(’;[t’T) + aAla(tt’T)r(t)+ 6A26(tt’1)1<1(t)+ aAg(tt’T)Kz(t)+aA4T(t"l7)Kl(t)2

SOASLT) A (0, = )+ (A ()« 26, 08, ()0, (1, — (1)

ot
1

{1 L0+ 0, ) 26,0000, o, )34 o+

Y

Y ¥

+

N | —

1

A fer (4o 20,0 b - (1 _ﬂAl(t,r)@ 6, (0)+ 0,05,(1)
{1 Hnle s 2 08 o012 )+ 20, 08 e .0
Y Y
+A, ('[,T)(Az(t,‘l:)+ 2K1(t)A4(t,‘E))GrIGK1 +A, (t,1:)(A3 (t,‘t) +2x, (‘L)A5 (t,r))crrsz2 }dt
+{_ (1 _%)Kl(m A7)0, + (A1) + 25, (DA, (L), }dzl(t)
+{_ (1 _ﬂKZ 0+ A (7)o, + (As (1) 26, (DA (D)o, }de(t) (A21)
Since (A21) is a martingale, its drift should be zero. Therefore:

aAl(t,T)_[l_lJ_ N (A22)
ot ¥

OA, (t, ‘E)

+26, °A, (6 T)A,(t,1)+20, 1, A, (1) -0, A,(t,7)

| | (A23)

—(1 ——JAl(t,r)G“ —[1 ——JcKlAz(t, 1)+26,0, A, (t,1)A,(t.1)=0
Y

Y
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oAy(t,7) 26, A, (6, 7)A(6,7)+20, p, Ayt 1) -0, A, (t,7)

—[1—1]A1(t,r)cr2 —(1—1J6K2A3(t, 1)+26,6, A,(t, T)As(t,1)=0
Y Y :

ot 2 Y

0A(t7) +l[—lj[1 —lj +20, °A,(t,1) —29K1A4(t,’c)—[l —lj26K|A4(t,7:)= 0
¥ ¥

MJFL(JJ@ —l] +26, At 7)) - 2eKZA5(t,t)—[1 —ljchzAs(t,r)= 0
i ¥

Y

0A, (t, ’C)
ot

+%GK22A3 (t, 17)2 +A, (t, r)@ru, + eK,HK,Az (t, r)+ GKZuKZA3(t, r)+ GHGKIAI (t, r)Az(t, ’C)

+ %AI (t, 1:)2 (Grlz + Gr22)+ GK]2A4(t, ’C)+%GK|2A2('[, 1:)2 + GKEZAs(t: r)

+ Grzﬁszl(t, 1:)A3(t, 1:) =0

We have:

At 7)= [1 —lJei [t 9)

Y)Y

Let’s focus now on (A25). It could be written as:

A
64T(t’t) =, A, (L 1) +b,A, (L T)+a,
where
c,= —20,(12
-1
b, =20, +V—GKJ
Y
a, =111l
2y oy
Since:
1Y 1y-d
0, :b42 —4a,c, =4(9K] +YTGKJ +4;YTG'Q >0
when y > 1, it follows that:
2a {1- oy (1)
A,(tt)= a4( c )

240, —(b4 +\/EXI—67M(H))

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)
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and similarly

2a, (l - e_‘/E(H))

A7)= (A33)
i 24/ 0 —(bs +\/(p_SXl—e_‘/“T5(r_t))
where
Cs = —ZGKZZ
by=26, +Y__10“*J (A34)
y e
W L1yt
2v v
1Y 1
@, =b. —4a.c, = 4(9K7 +1 s J +4—"—0, >0 (A35)
i Y Y
On the other hand, we have:
AT p I )+ A1) -20, 4,19
| (A36)
+[1 ——]Al(t, 'c)cs” - 2GHGK1A1(t,T)A4(t, ‘c)
Y
and
T (eIl ) 2 (0)- 20, A1)
| (A37)
J{l ——JAl(t,r)Grz -26,,0, A, (t,7)A(t,7)
Y
Using standard integral tables yields:
40, (1 - e’m(ﬂ)) No, o)) . Ou
Az(t,r)—— \/E A4(t,7:)+ 1—; e—rz(l—e )+e—r(r—t) (A38)

—ZG”GKI A, (t, ’C)A4 (t, ’C)

Proof of Proposition 3:

For A,(t,7), the result follows immediately from (A28). As to A,(t,t), first note that since a, >0 when y

> 1, then the numerator is always positive. As to the denominator, it could be rewritten as follows:

2o, - (b4 +Jo, Xl —eVe (H))z Jo. - b4(1 —ee ‘H))+ g, e V) (A39)

From (A31), it follows that \/(p_4 > b, and therefore (A39) is always positive. The same hold for A(t,).

Finally, concerning A, (t,t), note that the second term is negative. To see this, note that this holds when:
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ei(l —e™ )4 (1)< 0 140, (t—t) < e (A40)

T

which is always satisfied. The last term being positive, the sign of A2(t,r) is indetermined.

Proof of Proposition 5:

Using (A28), one can write (23) in the following way:
1 ( -0, (c-t) )U
—le -1,
{g((tt))} i lz(t’T)_l{Kl?t))} ' (1 _lJz(t’T)_l i (-0
K =0, (-t

(85t 28, (o), (O,
+2eT) {(ASW2A5(t,r)1<2(t))%j

Given (10), the volatility of a discount bond maturing at the investor’s horizon writes:

Pl (t,'[,') = Ar(t’T)Grl + AK‘ (t’T)GK,
(b7)=A (L), +A, (Lo,

c
(A42)

c

Using the fact that:

A (t,1)= —ei(l - e’”'("‘))

r

we have:

o, (t1)= _OL(I —e" (H))G” +A, (t,r)ck‘

' (A43)

e At (2

(Ad4)

or else:
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o) e [ )
[Az )2 (1) (0) (—%)AK(t,r)}rm (A45)
[ (t,7)+2A,( (t)—(l—lJAKz(t,t)]GKz

This is (31). Explicit calculations yield:

o) LSOT) 0T, ) 1oulebfuT)0,

T
G510y (t T) Pl(t’T) Y 051092( > ) szcm( > )

1x
Y
( (t.1)+ 24 )()_[1_iJAK‘(t,T)JGK,%(t,T)

o (tT)=0uo, (L T) (A46)
[A3(t,r)+2A5(t,1:)1<2(t)—[1—IJAKZ (t,r)}%cm(t;)
- GPZ(t,T)—GSZZSPI(t,T)
B(t):l 64K, (t)— ok, (t) [1_ j w0 (t,1)—04,0,,(t,7)
Y 646,,(t,T)-0,0,,(t,T) y (6 T)-o,,0,(t,T)
(A3(t,r)+ 24 (e (1) 1_f = J o,
+ . z(t ) e (t T) (A47)

_(Az(t,r)+zA4(t,T)K,() (1_j H-JG .

Y

SIGPZ(t’ ) SZ Pl(t’ T)

When the traded discount bond has a maturity equal to the investor’s horizon, then:

Gpl(t, T)sz(t, r)— GPZ(t, r)cPl(t, 1:) -0

G505, (tv T) — 05,0, (t7 T)

(¢

and therefore the second component in (A46) cancels out while the second component in (A47) is equal to

-
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Figure 1a: Effects of investment horizon on Intertemporal Hedging components and the
stock and bond mix when the discount bond allows a perfect hedge of interest rate risk.
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Figure 1b: Effects of investment horizon on Intertemporal Hedging components and
the stock and bond mix when the discount bond does not allow a perfect hedge of
interest rate risk.
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Figure 2a: Effects of the risk aversion parameter on Intertemporal Hedging components
and the stock and bond mix when the discount bond allows a perfect hedge of interest

rate risk.
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Figure 2b: Effects of the risk aversion parameter on Intertemporal Hedging components
and the stock and bond mix when the discount bond does not allow a perfect hedge of
interest rate risk.
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